ON TESTING A HIGH-DIMENSIONAL WHITE NOISE i

Appendixes

APPENDIX A: TECHNICAL LEMMAS

Hereafter, for a matrix A = (a;;), define R(A) = (R(a;;)) and J(A) = (I(a;;)), where R(z) and
J(z) are the real and imaginary parts of the complex number z.

Lemma A.1.  Let A be Hermitian. Then Tr(AR(A)) = Tr(R?*(A)).

Proor. Let a;; be the (i, j)th element of A. Then

TrAR(A) = Y apRia) = > R¥ay) - i ) Ria)I(ay)) = TrR*(A)),

ik ik Jik
where we used R(a ;) = R(ay;) and J(ay) = =T (ay;). O

Lemma A.2. Let A be Hermitian and z, has independent components with identical second
and fourth order moments. Furthermore, E(z;) = 0, Elzy|* = 1, Elzu* = v4 < co and b = [E(z})I~
Then

E(zz Az,z)) = Tr(A)I, + (v4 — b — 2)diag(A) + 2R(A) + (b — DA".

If A is symmetric, then by denoting the kth moment of z;; as E(Z"), k = 2, 4,
E(zz Az,z!) = BX(Z)Tr(A)I, + (E(z") - 3E*(z%))diag(A) + 2E*(z*)A.
Proor. The (i, j)th entry of E(z,z;Az,z;) is

* 2 *
(E(ziz;Azz))),; = E( Z zitz,’i,akcszz’},) = Z awB(zilzul z;,) + Z aweB(zuzy2e),)

k,[ k k#
_ ) 4 + ajiE(Z?,)E((Z;,)Z), I # J; _ 2R (a;j) + flji(|E(Z?t)|2 -1, i#];
(v4 = Day + Tr(A),  i=j (va — Day + Tr(A), i=j.

This completes the proof of the first part. For the second part,

T T 2
(B(z,z{ Azz)),; = E( Z TuZuieZn) = Z alB(z 2z o) + Z areB(zinzuzazjo)
k.t

k k#t
) (i + aji)EZ(ZZ), I+ J;
| EEH - BA)a + BAAT(A), Q=
_ 261,']'E2(Z2), I # ],
| EEH - BA))ai + BAATH(A), Q=

This completes the proof of the lemma. O
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Lemma A.3.  Let the assumptions for z, in Lemma A.2 hold. Then for s # tand t = 1,...,q,
Vi = B(z;Zoz,) = Tr(X),
Vy = B(ZZ0z,)* = T2 (Zo) + (v4 — b — 2)Tr(diag’(Zo)) + 2Tr(R* (o)) + (b — DTr(ZeZD),
V3 = Bz Zz,)* = bTr(ZoX}),
V; = Blz; Zoz,l* = Tr(Zd),
Vi = B((2; Z0204:) (2,202 )°)
= DT (o)) + (BEZHEX(ZY) - 3bH)Tr(diag”(ZoZl)) + 26°Tr(ZoZl)%,
Vi = B(|Z},. 2oz |7 2oz |)
= TrA(Z2) + (v4 — b — 2)Tr(diag’ (X)) + 2Tr(Re*(Z2)) + (b — DTr(Z3(ZHD).
Proor. We have
Vi = Tr[E(z.z;)Zo] = Tr(Zo).
For V,, using Lemma A.1 and the first part of Lemma A.2,
V, = Tr[E(z,z, 20z,Z; )20 ]
= Tr (Tr(Z0)Zo + (v4 — b — 2)diag(Ze)Zo + 2R (Ze)Zo + (b — D))
= Tr*(Zo) + (v4 — b — 2)Tr(diag’(Zo)) + 2Tr(R* (X)) + (b — DTr(ZeZD).
Also,
Vy = B(z,Zz,2' £ Z,) = Tr(E(Z,z))Z0E(z,2))Z)) = bTr(ZoX)).
For V7,

Vi = B(z;Z0z,2,202,) = Tr(E(z,z;)Z0E(z,Z,)%)) = Tr(Z ).

Using the second part of Lemma A.2 with A = Xz,,.z., 2 and z replaced by Z,

-
Vs = E(z; EozHth +TZ itz*Zozt_Tz E o0Z:) = Tr(]E(ztz Y0Zi Z
=E(z )Tr(Ez( )Tr(E (022, 2 )20 + (B(E) — 3B(2)diag(B(Zoz:-2,
+ 2B () E(S0Z 0421, 20 ) Z0Z] )
= DT (ZoZ)) + (B(ZHEX(ZY) — 3bH)Tr(diag*(ZoZ))) + 26° Tr(ZoZ]) ).

27,2 )T0E(2, .z )Z()
TINZeZe

t+T

t+7 t+7

Finally, using the first part of Lemma A.2 with A = Zyz,,.Z;, ¥,

T
V, =Bz X02,1.2), 2022, 202, Z,_ 20Z;) = T1(E(z,2; 2022
= Tr(Tr(B(ZoZisc2), Z0)EG + (va — b — 2)diag(B(SZ.4-2], )]
+ 2R (E(Zo2is:2, 20))Zg + (b — 1)(E(zozt+,z;‘+rzo))T22)
= Tr*(5) + (va — b — 2)Tr(diag* (X)) + 2Tr(R*(Z3)) + (b — DTr(ZH(E5)").

z+1-20zlz;k)ZOE(ZH-TZ;:T)ZO)

+T

The proof is now complete.
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Lemma A4,  Let the assumptions for z, in Lemma A.2 hold. Then G, = ZZ:I Tr(i,fj) has
expectation and variance given by

E(G,y) = qVi/T,

q(Va = V)2 +2q(R(Va) + V) + q(T = 2)(V5 + (V3)?) N 4 Vi(Va = V)
T3 T3 ’

Var(G,) =

Proor. Write

q T
Gy=D,0n with 0r=5 ) BOXX X,
7=1

t,s=1

Since x; = 2(1)/ %z, with the z,’s independent of each other, we have

1., 1, . Tr* (o)
B(Qr) = ZBOXX,_Xi) = ZE(X[x) = — == = V}/T.
The value of E(G,) follows.
To evaluate E(Q?), observe that
1 T
E(Q?) = 73 Z E(z; Z02,,2;, _ X0Zs, 2y, 202, 2Z;,  T0Zs, ).
t1,t2,51,52=1

Let E(t4, s1, 12, 52) be the expectation on the right hand side above. We detail the cases where this
expectation is non-zero below.
(D) s; =11, 55 = 1,. Sub-cases:
. ) =h(=1):
TH YL Et 6,0 = % 30 B Sz Bz Zoz,-)* = 4 0y V2 = V3T,
. 1=t —-7(=1):
TH Y Ettt+1,0+7) = & 31 B2 20z, B2, o240 B(Z,_ Zoz,—) = VoV T,
. 1 =bH+7(=1):
T4y Ettt—1t—1)=VoV/T5.
iv. Otherwise:

1 T
T Y, Eitss)= o ) E@Ton)Be Son- B LB L)

SELIFT,I-T SELIHT,I-T

= (T*-3T)V}/T"

(ID) s; = s5,t = . Sub-cases (not overlapping with (I))
1. 1=t +71(=1):
TSl EC =16t =10 = 2 X, Bl(z_), 2oz (2;202,)*] = Vo T
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. sy =t —7(=1):
Ty Et+1,t,t+1,0) = Vy /T
iii. Otherwise:
T~ Y ssrarir E(t, 5,1, 5) = (T* = 2T)V;/T*.
(IIl) s; = t,, 55 = t;. Sub-cases (not overlapping with (I) and (II))
1. $5=H6+71(=1):
TS Ett—1t—1,0)=V,/T.
il. $p =1 —7(=1):
T4y Ett+rt+1,0)=V,/T.
iii. Otherwise:
T~ Y ssrarr E(t, 5, 5,0) = (T* = 2T)(V3)* | T*.

With the above,
VZ42V2Vo + (T =3)VE 2R(Vy) + (T =2)VZ 2V, +(T - 2)(V%)?
E(QZ) _ 2 1V2 ( ) 1 n ( 4) ( ) 3 " 4 ( )( 3) . 50 that
’ T3 T3 13
Var(0u) - V2 4+ 2V2V, = 3V 4+ 2(R(Va) + V) + (T = 2)(VZ + (V)

T3
For k # ¢ and both k, £ are non-zero, consider
T
1 * * * *
BQQ) =75 D, B %ot (Sot 2, 202, Fots-0)

t1,81,02,52=1

T
1
¥ e £ £
F Z E(ZXZOZSZS_,(ZOZS_](ZI Eoz,zt_[Eoz,_g)

t,s=1
4V,  (T* -4T)V}
ST T
where the last equality used the fact that when ¢t = s, = s —k,s =t—Cors—k =t — ¢, the
resulting expectation in the summation in the second equality is V,V7, otherwise it is V;. Hence

4V3(V, - V?
Cov(Qs, Q) = %

With the above, we have

q
Var(G,) = » Var(Q) + ) Cov(Qi. Q1)

=1 k£l

= gVar(Q:) + q(q — 1)Cov(Qx, Or)
_q(Va— VD + 2q(R(Vy) + V) + q(T = 2)(V5 + (V) N 4PV, = VD)
- T3 T3 :

This completes the proof of the lemma. O
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Lemma A.5.  Assume that X is semipositive definite and z, has real-valued independent com-
ponents with identical eight order moments, B(zi;) = 0, Elzi|* = 1, Blzulf = vi < 00, k=1,--- , 8.
Let 1 denotes a p X 1 vector with unit elements and © denote Hadamard product, i.e. for any two
given matrices A, B with same size, (A © B);; = A;;B;j, then

Vs = B(z/Zoz,)’ = Tr’ (o) + 6Tr(Zo)Tr(Z5) + 8Tr(Z))

+(vq=3) [3Tr (D*(Z0)) Tr(Zo) + 4Tr (D(Z3)%o ) + 8Tr (D(zo)zg)]
+12 [4Tr (Z0(Z0 © To)) + 20" D(Z0) 2o D(Zo)t + 41*1)2(20)201]
+ (v6 — 10V = 15(v4 = 3) - 15) Tr (20 (S0 © X)),

Vs = B(Z'Zoz,)" = Tr*(Zo) + 12Tr(TH)Tr(Zo) + 12TrA(Z3) + 32Tr(Zo) Tr(Z3)

+48Tr(Z]) + (v4 — 3) {6Tr2(ZO)Tr(ZO 0 Xy) + 12Tr(ZHTr(Z) © Zo)

+48Tr(Zo) Tr(Zy © 5) + 48Tr(D*(Z5)) + 96Tr(D(20)23)}

+ (v4 = 37 {3Tr’(Zo © Zg) + 241" D(Z0) (Zg © Zo) D(Zo)1 + 81" (Zg © Ty © Ty © Z) 1]

+ (V6 — 15(vs = 3) = 10v3 = 15) {4Tr(Z6) Tr(Z0 © oy © o) + 24Tr (29 © Zp © (7))}

+2v2 {12;* (D(Z0)ZoD(Z0)) 1 - Tr(Zo) + 241 (D(zo)ng(zo)) 1

+81° (0 © T © o) 1 - Tr(Zo) + 481" (Zg © ) D(Zo)t + 48Tr (25 (Zp © X))}

+ 2v3(vs — 10v3) {12;* (D(ZO)EOD2 (20)) L+ 161* (g © Zp © ) D(Eo)z} +

(vs — 28v6 +210(v4 — 3) = 35(v4 — 3)* = 56v3(vs — 10v3) + 315) Tr (%9 © Ty © T © %) ,
Vi = B (2Z0Zyr 2y DoZon L Z0L oy o r) = V3 - 1 (D(Z0)Z5D(Z0)) 1.

s+T

Proor. Moments of quadratic forms are well studied in the fields of econometrics and statis-
tics. Specifically, there have been long interest in deriving E ([, Q;), where Q; = y*A;y, A;
are p X p non-stochastic symmetric matrices and y is an p X 1 random vector with mean y and
identity covariance matrix. y* represents transpose of y. Both V5 and Vs are moments of quadratic
forms as a special case where all Als equal to Xy, thus we can write down the results by directly
referring to calculations and techniques presented in previous works of [39] and [6]. As for V7,

Vi = E(z,, . 20Zs.Z,, ) 20E(2,2))20E (25— Z;_ XL0Zs—)

s+T s+T

= v§ - (D(EO)E%D(Z())) L

because according to [39], E (z,z;Zz,) = v3 (I,, © Zo) L.
O

Lemma A.6.  Assume the same conditions as in Lemma A.5, then p§% = LTr%(Zy) has expec-

T
tation and variance given by

E(pS}) = V?IZ -—(Vi-w),

1
pT
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1 4 4 2 3
) 2
Var(p3y) = T Ve + (p2T2 - p2T3) ViVs + (p2—T2 - p2T3) V3

4 16 12 4 10 6
=-S5+ ViVo+|-—=+ —~ Vi
p T p T2 p2T3 pZT p2T2 p2T3

The covariance between G, and pﬁf is

o [4g 10 4 2
Cov (G, p$3) = (p—;’z - p—TZ) Vi (Vo= V3)- . vy p—qvl Vs
2‘] » . 4q
—Vi+ —==V
T T

Proor. Write

since X, = El/ z, with z7s independent of each other,

p =1 [EX)
1 11\,
=—VW+|--—|V;
pT p pT

To evaluate E(p s4) observe that

T
1 * * * *
E(p*§}) = AT E E(ztlZoztlzS]ZozslztzZoz,zzSZE()zn).

t1,t2,81,82=1

Denote E (z 20242y XoZs, Z; Zozlzzszzozéz) by F(t, s1, 1, 52), we detail the cases where F (¢, s1, 12, 52)
is non-zero as follows.

D t1 =851 =1=sy

pm Z F(t,1,1,1) = E(z Tz’ = Ve
D t, =851 =1, # 52:
MT=T)_ .
p2 = Z F(t 1) = = B %) B 202’
H#h

4 4
- (s - s s
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(M) t; =851 £t = $5:

3
p2T*

3(T2 - T)
p2T4

30 3\,
) (psz B p2T3) g

T
D F,t,0,0) =

H#b

E(z; 2oz,) E(Z, Zoz,)*

AV) ti =51 # 1t £ 57:

6 6T(T — 1T -2)_ . . .
7 D, Funins) = s B 20) B (202 E(2; Z0z,)
p H#h#S) p
[ 6 18 12 )
- T - PE + p2T? VaVis
(V) Otherwise, t; # s1 # I # $7:
1 a T4—6T(T—1)(T—2)—7T(T—1)—T .
7 D, Flosins) = o (E(zZoz,)*
p HES| £ FS) p
(1 6 11 6 4
- l? - 2T + T2 - T3 Vi
With the above,
V? 1
E(ps?) = — — — (V2 = V2),
(P8 D pT( 1 2)
1 4 4 2 3
2y _ 2
Var(psy) = T3 Ve + (psz - p2T3) ViVs + (psz - p2T3) Vi

416 12\, 410 6\,
’ (pZT T p2T3) iver (_p2T T p2T3) i

As for covariance between G, and pf%, since

q T
1 N
Gy =) 0n Q= 75 > BGRXL %, o), BQD) = VIIT,
=1 t,s=1
Cov (G, ps}) = q(E(Q: - ps}) — E(QE(psY).
we only need to consider

E(Q- - p§?) = T Z IE(zS]ZOz,1 Ztl_TZ()ZSI,thzzoztzlszzozsz).

t1,t2,81,52=1

In the following we detail the cases where the expectation on the right hand side above is non-
zZero.
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D s; =1 E(zf‘;lioztl 2y XoZs 2, YoZ,Z; Zozm) F(t,t, — 7,12, 57). Sub-cases:
(1) 1y =t = s

T 1
?F(l,t— T,1,1) = p—T3V1V5,

(i) 1 =T =1 = s9:
T F(t,t t t ) ! ViV
—Fg LI =TI =T, =-7T)= —(——= ;
pT* pT3

(i) ty =1, t; — T = $o:
T 1 2.
—F(t,t—-T1,t,t—7) = —V ;

pT*
iv) hH—T =05 ,H = s
T F(t,t—7,t —T,1) ! %4
A 5 T, T, s s
pT* pT?
(V) Hh=t S%t, S 1 —T:
(T -2) 1 2 ’
—— F.t -0, ) =7 - | V2Vi:
pT* pT? T3
(Vl) Hh=8,0*+th, b+ —T:
T(T -2) 1 2 »
—Ft,t— b, t — - — |V,
T (=T, 1) = (pT2 pT3) 2

Vil) t1 =T =1, SH#£H —T, S £ 1:

T(T - 2)

1 2
Ft,ti —7.41 —7,8) = (— - —) 'A%E
pT*

pT* pT?
(Vill) 1 =T =8y, b # 1, b+ —T:

1 2

Fti,ti T, = 1) = |—5 — —= | V.V
(1.t =7,0,11 = 7) (pT2 pT3)21

T(T -2)
pT*
(IX) hh=8),H+*th, h+1t —T.

(T -2)
pT*

2

)

1
F(t,t b, ) =— —
(t, 1y — T, 12, 1) (pT2

(x) Otherwise, t; #t; — T # t, # $3:

T3 — 4T — 5T(T - 2)
pT*

F(t,,t t2, $2) ! > + 0 ) ys

’ - T’ b N =\~ = = ;

1,0 2,52 T o2 T

D sy #t,51=4H —T1: E(z;Zozsle 20Zy,Z;, 207, Z Eolsz)-
Subcases:
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) b=s1—-T,5=5+T:

1
p_T“E (Z 20Zs, 11 Zg, LoZs;, TZYI_TZOZSI—TZMTZOZM+r) = ﬁvﬁ
(i) S =851 —T, 6L =85 +T:
1
p_T“E (Z 20Zs, 7Ly, 20y, Ly, 4 20Zs, 4Ly, TZOZsl—T) = p_T3V7;
() s # t1.0 = 51— 70 B2 Do2g 2}, ZoZy, -2, Zo2, ), S0, ).
Subcases:
(1) t, = 81,5 =51 —271:
T . . 1
WE(Z Zozsl -,-ZS ZTZQZSI_TZSIEozslzsl_z.rzozsl_z.r) = EV%
(i1) t, = 51 — 27,5, = 51°
T 1
WE (z 20Zs, Tzs1 ZTZOZSI_TZM e 20Zs,—27Z, Eole) = PYE —V

With all the above, we have, the covariance between Q, and pﬁ 18

4 10 4 2
2) _ > 4
(:OV(Q-,-,pSl)—(p—T2 pT )Vl (V2_V1)_p_TSV1 +IFV1V5
2 4
+ WVZ pT3 —V,.

This completes the proof of the lemma.

Proof of Proposition 4.2.

Proor. Considering X is with bounded spectral norm, by implementing the results in Lemma A.3
and Lemma A.5 to Lemma A .4 and Lemma A.6, we can evaluate the order of each term and se-
lect terms of orders O(1) and 0( ). Therefore, the leading order terms of E( psz) Var(p@z) E(G,),
Var(G,) and Cov(G,, p§2) can be selected out accordingly. As for E($,),

1

E -
(82) = e

T
E ]E z,] Zoz,zztonztl)

t1,h=1

T
— Z E (2 %02,)’ o Z Elz; Loz,

= t£s

1
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1 1 1
R VA e
pT p pT

1 1 1
;Tr(i%) + ﬁTrz(Zo) toT (Tr(zg) +(vy — 3)Tr(D2(zo))).

’

3

This completes the proof of Proposition 4.2. O
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