
 

 

        
 
 
 
 
 
 
 

Underinvestment and Market Structure* 

 
by 

Volker Nocke 
STICERD, London School of Economics 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

     The Toyota Centre 
     Suntory and Toyota International Centres for 
     Economics and Related Disciplines 
     London School of Economics and Political Science 
Discussion Paper   Houghton Street 
No.EI/22    London WC2A 2AE 
February 1998   Tel 0207 955 7719 
 
 
 
* This paper is based on chapter 2 of my Ph.D. thesis submitted at the London School of 
Economics. I am grateful to John Sutton for his advice and encouragement. I would also like 
to thank Markus Brunnermeier, Adam Ostaszewski, Martin Peitz, Sönje Reiche, Patrick Rey, 
Rani Spiegler and Jean Tirole for helpful comments. Moreover, I am grateful to seminar 
participants at various universities and conferences. Financial support by the European 
Commission (Marie Curie Fellowship) is gratefully acknowledged.  



 

 

 
Abstract 
 
This paper analyses a dynamic game of investment in R&D or advertising, where 
current investments change future market conditions. It investigates whether under- 
investment can be supported in equilibrium by the threat of escalation in investment 
outlays. When there are no spillovers, or there is full patent protection, 
underinvestment equilibria are shown to exist even though, by deviating, a firm can 
get a persistent strategic advantage. When there are strong spillovers and weak 
patent protection, underinvestment equilibria fail to exist. This implies that weaker 
patent protection can actually lead to more investment in equilibrium. Furthermore, 
potential entry is introduced into the model so as to address issues of market 
structure. It is shown that underinvestment equilibria can be stable with respect to 
further entry, independently of market size and entry cost. Finally, the 
“nonfragmentation” result of statis stage games (Shaked and Sutton, 1987) is proved 
to hold in this dynamic game. That is, fragmented outcomes cannot be suppoorted in 
any equilibrium, no matter how large the market, and despite the existence of under-
investment equilibria. 
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�?�it|4i?|t� ì �?�it|�}@|ic �? T@h|�U�*@hc |�i �tt�i Lu i �t|i?Ui Lu |@U�|*) UL**�t��i
�?_ih�?�it|4i?| i^��*�Mh�@ ��i? �h4tc M) _i��@|�?}c U@? }i| @�i@_ Lu |�i�h h��@*t

�



@?_c |�ihiM)c }@�? @ UL?t�_ih@M*i t|h@|i}�U @_�@?|@}i�
W? L�h 4L_i*c |�i i �t|i?Ui Lu �?_ih�?�it|4i?| i^��*�Mh�@ _iTi?_t Uh�U�@**) L?

|�i Thiti?Ui Lu tT�**L�ih igiU|t �? |�i @TThLTh�@|�L? Lu |�i Mi?i�|t uhL4 �?�it|4i?|�
`�i? |�ihi @hi ?L tT�**L�iht Lhc @*|ih?@|��i*)c |�ihi �t u�** T@|i?| ThL|iU|�L?c �?_ih�?�
�it|4i?| i^��*�Mh�@ i �t| @t *L?} @t |�i �?�it|4i?| ULt| u�?U|�L? �t t��U�i?|*) i*@t|�Uc
@?_ |�i _�tUL�?| u@U|Lh t��U�i?|*) *@h}i� OL�i�ihc ��i? |�ihi @hi t|hL?} tT�**L�iht
@?_ ?L T@|i?| ThL|iU|�L?c �?_ih�?�it|4i?| i^��*�Mh�@ u@�* |L i �t|c i�i? uLh _�tUL�?|
u@U|Lht @hM�|h@h�*) U*Lti |L �?�|)� A��t �4T*�it |�@| @ �i@!i?�?} �? |�i _i}hii Lu T@|i?|
ThL|iU|�L? U@? @U|�@**) *i@_ |L 4Lhi �?�it|4i?| �? i^��*�Mh��4� A�i hi@tL? �t |�@|
�h4t �@�i *itt �?Ui?|��it |L �?�it| ��i? |�i) U@??L| u�**) @TThLTh�@|i |�i Mi?i�|tc
@?_ |��t hi_�U|�L? �? |�i �?Ui?|��it |L �?�it| _it|hL)t |�i 4iU�@?�t4 |�hL�}� ���U�
�?_ih�?�it|4i?| U@? Mi t�TTLh|i_ �? i^��*�Mh��4� ��h 4L_i* |��t U@t|t _L�M| L?
|�i igiU|��i?itt Lu UL4T*i|i T@|i?| ThL|iU|�L? �? uLt|ih�?} �?�it|4i?|� A��t t�L�*_
Mi Lu T@h|�U�*@h UL?Uih? t�?Uic @t �i t�L�c �?_ih�?�it|4i?| �?@4M�}�L�t*) hi_�Uit
�i*u@hi�

A�i �tt�i Lu i �t|i?Ui Lu �?_ih�?�it|4i?| i^��*�Mh�@ �? L�h 4L_i* h@�tit @? �4TLh�
|@?| ^�it|�L? uLh |�i @?@*)t�t Lu 4@h!i| t|h�U|�hi� A�i t|@|�U �iht�L? Lu L�h _)?@4�U
�?�it|4i?| 4L_i* t@|�t�it |�i R?L?UL?�ih}i?Ui ThLTih|)� Etii 5�@!i_ @?_ 5�||L?
E�bH.� @?_ 5�||L? E�bb���G @t 4@h!i| t�3i MiUL4it *@h}ic uhii i?|h) _Lit ?L| *i@_ |L
@ uh@}4i?|@|�L? Lu |�i 4@h!i|�� W? |�i *�4�| ��i? 4@h!i| t�3i |i?_t |L �?�?�|)c |�i
4@h!i| t�@hi Lu |�i *@h}it| �h4 �t ML�?_i_ @�@) uhL4 3ihL� A��t hit�*| �t M@ti_ L?
|�i RitU@*@|�L? 4iU�@?�t4�� A�i *@h}ih |�i t�3i Lu |�i 4@h!i|c |�i }hi@|ih @hi |�i hi�
|�h?t @UUh��?} |L @ �h4 uhL4 h@�t�?} �|t �?�it|4i?| L�|*@)t� A��t �4T*�itc �?_ih tL4i
UL?_�|�L?tc |�@| �?Uhi@tit �? 4@h!i| t�3i @hi @ttLU�@|i_ ��|� @ h�t�?} *i�i* Lu �h4t<
�?�it|4i?| L�|*@)t� W? |�i *�4�|c @| *i@t| L?i @?_ @| 4Lt| @ �?�|i ?�4Mih Lu �h4t ��**
�?_ �| �Lh|����*i |L i?}@}i �? @? itU@*@|�L? Lu +:# Lh @_�ih|�t�?} tTi?_�?}t |L U@T�
|�hi @ TLt�|��i 4@h!i| t�@hi� Oi?Uic UL?Ui?|h@|�L? hi4@�?t ML�?_i_ @�@) uhL4 3ihLc
?L 4@||ih �L� *@h}i |�i 4@h!i|� A�i itU@*@|�L? 4iU�@?�t4 �@t Mii? t�UUittu�**)
|it|i_ M) 5�||L? E�bb�� �? ��t ti4�?@* �Lh! L? @_�ih|�t�?}��?|i?t��i �?_�t|h�it�2

OL�i�ihc |�i ?L?UL?�ih}i?Ui ThLTih|) �@t Mii? LM|@�?i_ @*4Lt| tL*i*) �? t|@|�U
t|@}i�}@4i 4L_i*t� A�i LTi? ^�it|�L? �t ��i|�ih |��t hit�*| t|�** �L*_t �? _)?@4�U
4L_i*t� W? @ t|@|�U 4L_i*c |�i �@) |L ThL�i |�i ?L?UL?�ih}i?Ui ThLTih|) �t |L
t�L� |�@| |�ihi @*�@)t i �t|t @ ThL�|@M*i _i��@|�L? uLh tL4i �h4 �? @ *@h}i @?_
uh@}4i?|i_ 4@h!i|� A��t _i��@|�L? UL?t�t|t �? @ t��U�i?| h�ti �? �?�it|4i?| L�|*@)t
tL @t |L U@T|�hi @ TLt�|��i 4@h!i| t�@hi� W? @ _)?@4�U 4L_i*c �L�i�ihc t�U� @
t�?}*i _i��@|�L? 4�}�| Mi uL**L�i_ M) @ ti�ihi E@?_ TLtt�M*) UL4T*i � RT�?�t�4i?|�

4Lq Vxwwrq*v +4<<4, whuplqrorj|/ wkh vwdwlf yhuvlrq ri rxu prgho lv dq _hqgrjhqrxv vxqn frvw
prgho%1

5Iru d uhfhqw vwxg| rq U)G0lqwhqvlyh lqgxvwulhv/ vhh Vxwwrq +4<<;,1

2



t|h@|i}) M) h��@* �h4t� `�@| �t @| �tt�i �ihi �t |�@| |�i i �t|i?Ui Lu �?_ih�?�it|4i?|
i^��*�Mh�@ E��i? |�ihi @hi ?L tT�**L�iht� �4T*�it |�@| �h4t _L ?L| ?iUitt@h�*) i?}@}i �?
@? itU@*@|�L? Lu +:# Lh @_�ih|�t�?} tTi?_�?}t ThiU�ti*) MiU@�ti �h4t ��** L|�ih��ti
Mi T�?�t�i_� ��| ��|�L�| @? itU@*@|�L? 4iU�@?�t4 @| �Lh!c |�i ?L?UL?�ih}i?Ui
ThLTih|) Mhi@!t _L�?� A��t �t |�i Ui?|h@* ^�it|�L? L? 4@h!i| t|h�U|�hi �i @__hitt
�? |�i Thiti?| T@Tih� ��h hit�*| �t �ih) hi@tt�h�?}G |�i ?L?UL?�ih}i?Ui ThLTih|)
�t hLM�t| |L |�i i �t|i?Ui Lu �?_ih�?�it|4i?| i^��*�Mh�@ �? L�h _)?@4�U �?�it|4i?|
}@4i�

A�i T*@? Lu |�i T@Tih �t @t uL**L�t� W? tiU|�L? 2c �i Thiti?| |�i M@t�U |�L��h4
�iht�L? Lu L�h 4L_i* ��i? |�ihi @hi ?L tT�**L�iht� A�i i^��*�Mh��4 @?@*)t�t �t }��i?
�? tiU|�L? �� A��t �tc �? tiU|�L? ec uL**L�i_ M) @ UL4T@h�tL? Lu �i*u@hi �? |�i UL**�t��i
�?_ih�?�it|4i?| i^��*�Mh�@ @?_ |�i ?L?UL**�t��i �?�it|4i?| i^��*�Mh��4� W? tiU|�L?
Dc �i �?|hL_�Ui tT�**L�iht �?|L |�i 4L_i*� A�i?c �? tiU|�L? Sc �i |�h? |L |�i @?@*)t�t
Lu 4@h!i| t|h�U|�hic @?_ �?�it|�}@|i ��i|�ih |�i |�L��h4 �?_ih�?�it|4i?| i^��*�Mh�@
@hi t|@M*i ��|� hitTiU| |L u�h|�ih i?|h)c �?_iTi?_i?|*) Lu 4@h!i| t�3i @?_ i?|h) ULt|t�
W? |�i uL**L��?} tiU|�L?c �i |�h? |L |�i Ui?|h@* ^�it|�L? L? 4@h!i| t|h�U|�hiG �#Lit
|�i ?L?UL?�ih}i?Ui ThLTih|) �L*_ �? L�h _)?@4�U }@4ic _itT�|i |�i i �t|i?Ui Lu
�?_ih�?�it|4i?| i^��*�Mh�@q< 6�?@**)c �? tiU|�L? Hc �i UL?U*�_i Mh�i�)�

2 A�i �@t�U �L_i*

W? |��t tiU|�L?c �i Thiti?| L�h M@t�U _)?@4�U 4L_i* ��|�L�| tT�**L�iht� A�ihi @hi |�L
�h4tc i@U� Lgih�?} @ ThL_�U| �@h�i|)� W? i@U� Tih�L_c �h4t �ht| _iU�_i �L� 4�U� |L
�?�it| �? +:# Lh @_�ih|�t�?}� A�i?c |�i) UL4Ti|i �? ^�@?|�|�it� W?�it|4i?| �t t�?!c
@?_ Tiht�t|i?|*) h@�tit |�i UL?t�4iht< ��**�?}?itt�|L�T@) uLh |�i ThL_�U| �@h�i|)� �)
�?�it|�?} 4Lhi |�@? �|t h��@*c @ �h4 U@?c |�ihiuLhic }i| @ UL4Ti|�|��i @_�@?|@}i�
Oihic �i _L ?L| @**L� uLh i?|h) Lu @ |��h_ �h4� A�i |LT�U Lu TL|i?|�@* i?|h)c ���U� �t
itti?|�@* uLh |�i @?@*)t�t Lu 4@h!i| t|h�U|�hic ��** Mi |@!i? �T �? |�i tiUL?_ T@h| Lu
|�i T@Tih�
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wzr rssrvlqj h�hfwv1 Rq wkh rqh kdqg/ dq lqfuhdvh lq � pdnhv wkh ghyldwlrq wr d jlyhq x3 pruh
h{shqvlyh> rq wkh rwkhu kdqg/ lw pdnhv wkh uhvsrqvh ri wkh qrqghyldqw ulydo ohvv djjuhvvlyh lq wkdw
lw ghfuhdvhv ex+x3, iru d jlyhq x31 Iru dq| jlyhq txdolw| udwlr x3@ex+x3, A 4/ rqh fdq vkrz wkdw sur�wv
iurp ghyldwlrq duh �uvw lqfuhdvlqj/ dqg wkhq ghfuhdvlqj/ lq �1

<Uh|qrogv +4<;:/4<<4, dqdo|vhv Ixghqehuj dqg Wluroh*v prgho lq d olqhdu0txdgudwlf gl�huhqwldo
jdph iudphzrun/ zkhuh fdsdflw| ghsuhfldwhv ryhu wlph1

43Wkdw lv/ Ixghqehuj dqg Wluroh dvvxph wkh lqirupdwlrq odj wr eh h{wuhpho| vkruw +}hur, uhodwlyh
wr wkh vshhg ri lqyhvwphqw/ lq frqwudvw wr rxu prgho1 Wkhlu dvvxpswlrq vhhpv wr eh pruh uhdvrqdeoh
lq wkh frqwh{w ri fdsdflw| lqyhvwphqw wkdq lq wkh fdvh ri lqyhvwphqw lq U)G +ru dgyhuwlvlqj,1
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44Qrwlfh dovr wkdw Ixghqehuj dqg Wluroh*v prwlydwlrq lv txlwh gl�huhqw iurp rxuv= wkh| irfxv rq
_prelolw| eduulhuv%1 Lq sduwlfxodu/ wkh| lqyhvwljdwh wkh ydolglw| ri wkh sursrvhg Vwdfnhoehuj vroxwlrq
lq Vshqfh +4<:<,/ zkhuh dq hduo| hqwudqw lq d qhz pdunhw fdq h{sorlw lwv khdg vwduw e| vwudwhjlf
lqyhvwphqw lq fdsdflw|1

45Lpsolflwo|/ zh dvvxph khuh wkdw wkh lqfuhdvh lq vwdjh05 sur�wv lv erxqghg dzd| iurp }hur/ qr
pdwwhu krz odujh wkh glvfrxqw idfwru1

46Wkh srlqw lv wkh iroorzlqj1 Li d �up fdq douhdg| vhuyh wkh zkroh pdunhw zlwk lwv fdsdflw|/ dq|
ixuwkhu lqfuhdvh lq lwv fdsdflw| kdv qr lpsdfw rq wkh �up*v pdunhw vkduh> wklv lv wkh h{rjhqrxv vxqn
frvw fdvh1 Lq frqwudvw/ e| rxwvshqglqj lwv ulydov lq �{hg U)G ru dgyhuwlvlqj rxwod|v/ d �up fdq
vwhdo exvlqhvv iurp lwv ulydov dqg wkxv lqfuhdvh lwv pdunhw vkduh/ dowkrxjk wkh lqyhvwphqw pd| qrw
lqfuhdvh lqgxvwu| vdohv1 Wklv lv wkh hqgrjhqrxv vxqn frvw fdvh1
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ì ?L� |�h? |L |�i @?@*)t�t Lu 4@h!i| t|h�U|�hi� W? T@h|�U�*@hc �i |@!i �T |�i �tt�i
Lu TL|i?|�@* i?|h) |�@| �@t tL u@h Mii? !iT| @t�_i �? |�i @?@*)t�t� A�i ^�it|�L? �t
��i|�ih |�i ��}� ThL�|t |�i �?U�4Mi?|t 4@!i ���*i �?_ih�?�it|�?} ��** |h�}}ih ?i�
i?|h)� 6Lh |��t T�hTLtic �i i |i?_ |�i M@t�U 4L_i* M) �?|hL_�U�?} @? @__�|�L?@* t|@}i
�? i@U� Tih�L_ @| ���U� u�h|�ih i?|h) U@? LUU�h�

�) TLt|�*@|�?} @ t��U�i?|*) ��}� i?|h) ULt|c |�i 4L_i**ih UL�*_ @*�@)t i?t�hi |�@|
�| �t ?L| ThL�|@M*i uLh @ ?i� �h4 |L i?|ih |�i 4@h!i|� ��| uLh @ }��i? i?|h) ULt|c i?|h)
�L�*_ |�i? t|�** LUU�h �? t��U�i?|*) *@h}i 4@h!i|t� A�ihi �tc �L�i�ihc @? i?_L}i?L�t
4iU�@?�t4 ���U� 4�}�| _i|ih i?|h)G |�i �?U�4Mi?|t< |�hi@| Lu itU@*@|�L?� A�i @�4
Lu |��t tiU|�L?c |�ihiuLhic �t |L �?�it|�}@|i ��i|�ih Lh ?L| |��t |�hi@| Lu itU@*@|�L? �t
Uhi_�M*ic @?_ ��i|�ih �| t�UUittu�**) _i|iht i?|h)c ?L 4@||ih �L� *@h}i |�i 4@h!i|�A��t
^�it|�L? �t Lu �?|ihit| uLh |�L hi@tL?t� 6�ht|c �| hi*@|it |L |�i hLM�t|?itt Lu L�h |�L�
�h4 �?_ih�?�it|4i?| i^��*�Mh��4� 5iUL?_c �| @__hittit @ u�?_@4i?|@* �tt�i �? |�i
|�iLh) Lu 4@h!i| t|h�U|�hic ?@4i*) ��i|�ih Lh ?L| UL?Ui?|h@|�L? U@? Mi ��}� �? *@h}i
4@h!i|t�

A�i M@t�U 4L_i* �t 4L_��i_ @t uL**L�t� A�ihi @hi |�hii T*@)ihtG |�i �?U�4Mi?|tc
�h4t � @?_ 2c @?_ @ TL|i?|�@* i?|h@?|c �h4 �� W? i@U� Tih�L_c |�ihi @hi ?L� |�hii

2�



t|@}it� �| t|@}i �c |�i TL|i?|�@* i?|h@?| _iU�_it ��i|�ih |L i?|ih Lh ?L| �u �| �@t ?L|
)i| _iU�_i_ |L _L tL� Wu �h4 � _iU�_it |L i?|ihc �| �@t |L T@) @? i?|h) uii ERti|�T
ULt|�� " : f� �| t|@}i 2c |�i �h4t |�@| @hi Thiti?| �? |�i 4@h!i| E|�i |�L �?U�4Mi?|tc
@?_ �h4 � �u �| �@t _iU�_i_ |L i?|ih �? |��t Tih�L_ Lh MiuLhi� _iU�_i t�4�*|@?iL�t*)
��i|�ih @?_ �L� 4�U� |L �?�it| �? +:# Lh @_�ih|�t�?}� A�i TL|i?|�@* i?|h@?| t|@h|t
�T ��|� R3ihL� ^�@*�|)( �|t �?�it|4i?| ULt| u�?U|�L? �? |�i Tih�L_ Lu i?|h) �t }��i? M)
8 eE�� ' 8f�

qc @?_ �? @** t�Mti^�i?| Tih�L_t M) E2�� A�ihi @hi ?L tT�**L�iht� 6�?@**)c
@| t|@}i �c �h4t UL4Ti|i t�4�*|@?iL�t*) �? ^�@?|�|�it� �L?t�4iht< �|�*�|) �t }��i?
M) |�i ?@|�h@* i |i?t�L? Lu E�� |L |�hii �@h�i|�it Lu |�i ^�@*�|) }LL_� �t MiuLhic @**
T@t| @U|�L?t @hi @tt�4i_ |L Mi UL44L? !?L�*i_}i�

A�i i^��*�Mh��4 @?@*)t�t ThLUii_t @*L?} |�i *�?it Lu tiU|�L? �� W? Tih�L_ |c |�i
t|@|i Lu |�i �?_�t|h) �t }��i? M) |�i ^�@*�|) |h�T*i E��| c �

2
| c �

�
| � 5 ?�c ��ihi �i @_LT|

|�i UL?�i?|�L? |�@| ��| ' �� �u �h4 � �@t ?L| )i| i?|ihi_ |�i 4@h!i|c @?_ ��| ' f
�u �h4 � �@t i?|ihi_ |�i 4@h!i| M�| ?L| )i| �?�it|i_ �? ^�@*�|)� � T�hi �?�it|4i?|
@U|�L? h�*i �t @ 4@TT�?} r� G E��|3�c �

2
|3�c �

�
|3�� :$ ��|( @ T�hi L�|T�| @U|�L? h�*i �t @

4@TT�?} |� G E��| c �
2
| c �

�
| � :$ %�|� �t MiuLhic |�i 4�?�4�4 ^�@*�|) E�? Lh_ih |L 4@!i

TLt�|��i t@*it� �t i^�@* |L L?i( |�ihiuLhic |�i �?�|�@* �?�it|4i?| L�|*@)t ?iUitt@h) |L
ThL_�Ui |�i M@t�U �iht�L? Lu |�i ^�@*�|) }LL_ @hi i^�@* |L 8f�

�t |L |�i i^��*�Mh��4 @?@*)t�t Lu |�i L�|T�| t|@}ic �| �t t|h@�}�|uLh�@h_ |L t�L�
|�@| |�ihi i �t|t @ �?�^�i T�hi t|h@|i}) �@t� i^��*�Mh��4 �? ^�@?|�|�itc }��i? @?)
t|@|i E��| c �

2
| c �

�
| �� Wu �h4 � �@t ?L| )i| i?|ihi_ |�i 4@h!i|c Lh ?L| �?�it|i_c |�i?

�|t t|@}i�� ThL�| �t 3ihLc @?_ |�i �?U�4Mi?|t< i^��*�Mh��4 ThL�|t @hi }��i? M) ES��
�|�ih��tic �h4 �<t t|@}i�� i^��*�Mh��4 ThL�|t @hi }��i? M)

Z�E��| c �
2
| c �

�
| � '

;AAAAAA?AAAAAA=
7
�S�

&'�
��|*�

&
|32S�

&'�
��|*�

&
|

�2

�u
S�

&'�
�4�?
|

�&|
� 2

7
�

��|*�
�
|

��|*�
�
|n�

�2

�u
S�

&'�
�4�?
|

�&|
	 2 @?_ ��|c �

�
| : �4�?

| E � 9' ��

f �u
S�

&'�
�4�?
|

�&|
	 2 @?_ ��| ' �4�?

| c

E�D�
��ihi �4�?

| ' 4�? i��| c �2| c ��|j��. Oi?Uic �? |�i |�hii��h4 i^��*�Mh��4 |�ihi i �t|t @
R^�@*�|) ��?_L�� t�U� |�@| @ �h4 4@!it 3ihL t@*it �u �|t ^�@*�|) �t |LL *L� hi*@|��i
|L �|t h��@*t< ^�@*�|�it� ��| |�ihi ��** @*�@)t Mi @| *i@t| |�L �h4t 4@!�?} TLt�|��i
t@*it �? i^��*�Mh��4( |��t i T*@�?t ��) �i _�_ ?L| �?_ @?) ^�@*�|) ��?_L� �? |�i
|�L��h4 U@ti� �Mtih�i |�@| Z�E��| c �

2
| c �

�
| � �t UL?|�?�L�t �? @** �|t @h}�4i?|tc _itT�|i

|�i ^�@*�|) ��?_L��
A�i hit�*|�?} t�M}@4i @u|ih i?|h) Lu �h4 � U@?c �? Th�?U�T*ic Mi @?@*)ti_ @?@*L�

}L�t*) |L |�i |�L��h4 �?�it|4i?| }@4ic }��i? |�i t|@}i�� ThL�| u�?U|�L? E�D�� OL��

4:Iru d jhqhudo surri ri wkh q0�up fdvh/ vhh wkh surri ri Ohppd 6 lq wkh Dsshqgl{1

22



i�ihc i?|h) �t i?_L}i?L�t @?_ 4�}�| Mi _i|ihhi_ M) |�i �?U�4Mi?|t� ì _L ?L|
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4;Wklv uhvxow iroorzv iurp dq h{huflvh lq frpsdudwlyh vwdwlfv zlwk uhvshfw wr pdunhw vl}h1 Qrwlfh
wkdw lw lv qrw dvvxphg wkdw pdunhw vl}h lqfuhdvhv ryhu wlph1

4<Iru dqrwkhu fodvv ri prghov +zklfk doorz/ iru lqvwdqfh/ iru pxowlsurgxfw �upv,/ pxowlsoh htxlole0
uld duh hqghplf1 Wkh vdph prgho pd| shuplw iudjphqwhg htxloleuld/ lq zklfk/ iru h{dpsoh/ hdfk �up
r�huv rqh surgxfw/ dqg frqfhqwudwhg htxloleuld/ lq zklfk d vlqjoh �up lv furzglqj rxw wkh surgxfw
vsdfh1 Wkh pruh jhqhudo iudjphqwdwlrq uhvxow uhihuv/ wkhuhiruh/ wr wkh orzhu erxqg wr frqfhqwudwlrq1
Wklv kdv ehhq gxeehg wkh _erxqgv dssurdfk% wr frqfhqwudwlrq1 Iru d glvfxvvlrq/ vhh Vxwwrq +4<<4,1

53Iru d suhflvh vwdwhphqw ri wkh frqglwlrqv xqghu zklfk wkh qrqfrqyhujhqfh surshuw| krogv/ vhh
Vkdnhg dqg Vxwwrq +4<;:, dqg Vxwwrq +4<<4,1 Lq wkh fdvh ri sxuh yhuwlfdo surgxfw gl�huhqwldwlrq
dqg sulfh frpshwlwlrq/ wkh �qlwhqhvv uhvxow kdv ehhq �uvw rewdlqhg e| Vkdnhg dqg Vxwwrq +4<;6,1

54Wzr h{fhswlrqv duh lq Vxwwrq +4<<;, dqg Kroh +4<<:,1 Kroh xvhv wkh Sdnhv0PfJxluh dojrulwkp
wr vlpxodwh d vwrfkdvwlf g|qdplf prgho zlwk lqfuhphqwdo vxqn frvwv1 Krzhyhu/ pdunhw vl}h +dqg
khqfh wkh dyhudjh qxpehu ri hqwudqwv, lv nhsw vpdoo1 Vxwwrq dqdo|vhv d udwkhu vshfldo vhwwlqj zlwk

2e



�L*_t �? _)?@4�U �?�it|4i?| }@4it *�!i L�ht� `�@| �t @| �tt�i �t |�@| |�i i �t|i?Ui Lu
�?_ih�?�it|4i?| i^��*�Mh�@ �? L�h _)?@4�U }@4i �4T*�it |�@| �h4t _L ?L| ?iUitt@h�*)
i?}@}i �? @? itU@*@|�L? Lu +:# Lh @_�ih|�t�?} L�|*@)t( M�| ��|�L�| @? itU@*@|�L?
4iU�@?�t4 @| �Lh!c |�i ?L?UL?�ih}i?Ui ThLTih|) U@??L| �L*_� AL 4@!i |��t TL�?|
U*i@hc *i| �t UL?t�_ih |�i uL**L��?} i @4T*i� 5�TTLti |�@|c uLh @ }��i? 4@h!i| t�3i
7c |�ihi i �t|t @ t)44i|h�U �?_ih�?�it|4i?| i^��*�Mh��4 �? ���U� @** ?E7c "� @U|��i
�h4t Lgih ^�@*�|) � �? i@U� Tih�L_c ��ihi ?E7c "� �t t�U� |�@| @?) @__�|�L?@* i?|h@?|
�L�*_ 4@!i @? L�ih@** *Ltt� �L�c �u |��t �?_ih�?�it|4i?| i^��*�Mh��4 t|�** �L*_t �?_ih
uhii i?|h) ��i? |�i 4@h!i| MiUL4it *@h}ic |�i? �i @hi M@U! �? @? Ri L}i?L�t t�?!
ULt| �Lh*_�c �? ���U� i@U� �h4 �@t |L T@) @? i L}i?L�t ti|�T ULt| Lu " n 8 E���
�L?ti^�i?|*)c |�i ?L?UL?�ih}i?Ui hit�*| Mhi@!t _L�? �? |��t U@ti� E�U|�@**)c L?i
UL�*_ @**L� ^�@*�|) � |L �?Uhi@ti ��|� 7c @?_ t|�** }i| |�@| ?E7c "� $ 4 @t 7 $ 4c
�?*itt � �?Uhi@tit |LL u@t| ��|� 7��

�?L|�ih �@) Lu tii�?} |��t TL�?| �t |�i uL**L��?}� W? @ t|@|�U t|@}i }@4ic |�i ?L?�
UL?�ih}i?Ui ThLTih|) �t ThL�i_ M) t�L��?} |�@| �? @ t��U�i?|*) *@h}i @?_ uh@}4i?|i_
4@h!i|c |�ihi @*�@)t i �t|t @ ThL�|@M*i _i��@|�L? uLh tL4i �h4� A��t _i��@|�L? UL?�
t�t|t �? @? itU@*@|�L? Lu � i_ +:# Lh @_�ih|�t�?} L�|*@)t tL @t |L U@T|�hi @ *@h}ih
t�@hi Lu |�i 4@h!i|� �L�c �? @ _)?@4�U }@4i t�U� @ _i��@|�L? 4�}�| ?L| Mi ThLu�
�|@M*i t�?Ui �| U@? |h�}}ih @? itU@*@|�L? Lu �?�it|4i?| tTi?_�?}t M) h��@* �h4tc ���U�
�t _i|h�4i?|@* uLh |�i _i��@?| �h4<t ThL�|�

�t |L |�i hit�*| Lu tiU|�L? Sc |��t U@? Mi tii? @t @? i @4T*i Lu ?L?uh@}4i?|@|�L? �?
|�@| |�L �h4t @hi @M*i |L _i|ih u�h|�ih i?|h)c ?L 4@||ih �L� *@h}i |�i 4@h!i|c @t *L?}
@t q 5 d2c eqo� OL�i�ihc |��t i^��*�Mh��4 �t ?L| �?�^�i( |�ihi �t @?L|�ih i^��*�Mh��4
�? ���U� |�i |�L �h4t @U^��itUic @?_ u�h|�ih i?|h) |@!it T*@Ui�

AL @__hitt |�i �tt�i Lu ?L?UL?�ih}i?Uic �i �@�i |L 4L_�u) |�i M@t�U �iht�L? Lu
L�h _)?@4�U �?�it|4i?| }@4i� A�i |�4i t|h�U|�hi �t @t �? tiU|�L? S( |�@| �tc |�ihi
@hi |�hii t|@}it �? i@U� Tih�L_G i?|h)c �?�it|4i?|c @?_ ^�@?|�|) UL4Ti|�|�L?� A�ihi
�t @? �?�|�@* Tih�L_ Et@)c f� MiuLhi ���U� |�ihi @hi ?L @U|��i �h4tc ��i� @** �h4t @hi
TL|i?|�@* i?|h@?|t �? Tih�L_ f� ,?|h) ULt|t @t �i** @t |�i �?�it|4i?| ULt| u�?U|�L?t
uLh @ ?i� i?|h@?| @?_ uLh @? �?U�4Mi?| @hi @t �? tiU|�L? S� A�i UL?t�4iht< �|�*�|)
u�?U|�L? U@? Mi }i?ih@*�ti_ �? @? LM��L�t �@) |L @? @hM�|h@h) ?�4Mih Lu �h4t Lgih�?}
i@U� @ �@h�@?| Lu |�i ^�@*�|) }LL_�

�t MiuLhic |�i L�|T�| t|@}i �? i@U� Tih�L_ U@? Mi @?@*)ti_ @t @ L?i�t�L| }@4i�

wi44@ � W? @?) }��i? t|@}i �c |�ihi i �t|t @ �?�^�i E�@h!L����@t� i^��*�Mh��4 �?
^�@?|�|�it� 5�TTLti |�ihi @hi ?E7� @U|��i �h4t� +i�*@Mi* |�i �h4t t�U� |�@| �h4
� Lgiht |�i ��}�it| ^�@*�|)c ��c @?_ �h4 ?E7� |�i *L�it| ^�@*�|)c �?E7�� A�i?c �?
i^��*�Mh��4c |�ihi �t @ R^�@*�|) ��?_L�� t�U� |�@| �h4t � |L ?E7� L?*) 4@!i TLt�|��i

vslooryhuv/ lq zklfk rxu sureohp ri lqwhuhvw/ xqghulqyhvwphqw/ grhv qrw dulvh1

2D



t@*itc ��ihi ?E7� �t |�i 4@ �4�4 �?|i}ih 5c 5 � ?E7�c t�U� |�@|
S5

�'� E�
5*��� : 5���

6�h4 �<t t|@}i�� i^��*�Mh��4 ThL�| �t }��i? M)22

Z�E��c ���c ��c ���c �?E7�� '

;A?A= 7

#
�� ?E7�3�S?E7�

�'�
E��*���

$2

�u � � ?E7�

f L|�ih��ti�

E�S�

�L|�Ui |�@| |�i @ML�i *@Mi**�?} �t ?L| �?�^�i ��i? |�L Lh 4Lhi �h4t Lgih |�i
t@4i ^�@*�|)( �? |��t U@tic �L�i�ihc i@U� Lu |�iti �h4t ThL_�Uit |�i t@4i @4L�?| �?
i^��*�Mh��4�

Nt�?} i^�@|�L? E�S� @t |�i hi_�Ui_�uLh4 t|@}i�� ThL�| u�?U|�L?c �i U@? ?L� uL�
U�t L? |�i @?@*)t�t Lu �?�it|4i?| t|h@|i}�it� 6Lh |iU�?�U@* UL?�i?�i?Uic �i hit|h�U|
@||i?|�L? |L i^��*�Mh�@ t�U� |�@| @** �?�it|4i?|c @*L?} |�i i^��*�Mh��4 T@|�c LUU�ht
�? |�i �?�|�@* Tih�L_c ��i? |�i 4@h!i| LTi?t�2� A��t �4T*�itc �? T@h|�U�*@hc |�@| |�i
?�4Mih Lu @U|��i �h4t hi4@�?t UL?t|@?| L�ih |�4i� OL�i�ihc �i @**L� uLh @** |�i R�?�
�it|4i?|�c R�?_ih�?�it|4i?|� @?_ Ri?|h) _i|ihh�?}� t|h@|i}�it �i �@�i UL?t�_ihi_
i@h*�ih @t �i** @t uLh 4�U� 4Lhi UL4T*i t|h@|i}�it� �u UL�htic �i @**L� t|h@|i}�it
@?_ @?) i^��*�Mh��4 T@|� |L _iTi?_ L? 4@h!i| t�3i�

W? @ _)?@4�U }@4ic |�i *L�ih ML�?_ |L UL?Ui?|h@|�L? uLh @ }��i? 4@h!i| t�3i
4�}�| Mi ^��|i _�gihi?| uhL4 |�@| �? @ t|@|�U }@4i� A�i LTi? |�iLhi|�U@* ^�it|�L? �t
��i|�ih Lh ?L| |�i @t)4T|L|�U ThLTih|�it @hi |�i t@4ic ?@4i*) |�@| |�i *L�ih ML�?_
_Lit ?L| UL?�ih}i |L 3ihL @t 4@h!i| t�3i MiUL4it *@h}i� W? |�i tiU|�L? L? TL|i?|�@*
i?|h)c �i �@�i @*hi@_) tii? |�@| ?L?UL?�ih}i?Ui �t @ TLtt�M*i L�|UL4i �? L�h 4L_i*(
��@| �t @| �tt�i �t ��i|�ih Lh ?L| �| �t @ ?iUitt@h) L�|UL4i �? |�@| �| LUU�ht �? @**
i^��*�Mh�@� A�i uL**L��?} ThLTLt�|�L? }��it |�i Ui?|h@* hit�*| L? 4@h!i| t|h�U|�hi�

�hLTLt�|�L? S A�i ?L?UL?�ih}i?Ui ThLTih|) �L*_t �? L�h _)?@4�U }@4i� W? T@h|�U�
�*@hc �? @?) ��,c |�i ?�4Mih Lu @U|��i �h4tc ?E7�c hi4@�?t �?�|i @t 4@h!i| t�3i
|i?_t |L �?�?�|)�

A�i ThLLu Lu |��t ThLTLt�|�L? �t h@|�ih *i?}|�)c @?_ U@? Mi uL�?_ �? |�i @TTi?_� �
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55Iru qrwdwlrqdo frqyhqlhqfh/ zh ghvfuleh wkh fxuuhqw vwdwh e| wkh txdolw| wxsoh ri dfwlyh �upv
rqo|1

56Wklv dvvxpswlrq lv qrw hvvhqwldo> lwv rqo| sxusrvh lv wr slq grzq dq +duelwudu|, htxloleulxp
sdwk1 Qrwlfh dovr wkdw wkhuh lv qr _whfkqrorjlfdo% uhdvrq zk| �upv vkrxog qrw gr doo lqyhvwphqw lq
wkh �uvw shulrg1
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uLh @** |� ì U*@�4 |�@| �h4

� �@t @ ThL�|@M*i _i��@|�L? �u ��| 	 ��| ' �4@ 
| � W?_ii_c �h4 �<t ^�@*�|) U�L�Ui _Lit ?L|

@giU| �|t UL?|�?�@|�L? T@)Lg ThL��_i_ |�@| �| _Lit ?L| �?�it| 4Lhi |�@? �|t h��@*� ��|
�h4 �<t Mit| hiT*) uhL4 Mi*L� �t |L ti| �|t ^�@*�|) i^�@* |L |�i h��@*<t ^�@*�|) t�?Uie�E�� � � uLh @?) � � �c c ��ihi e� E�� �t |�i �?|ih�Lh t|@|�L?@h) Mit| hiT*) u�?U|�L?�

E�� 5�TTLti |�@| �4@ 
|3� � � @?_ e� �

�4@ 
|3�

�
� �c ��ihi e� E�� _i?L|it @}@�? |�i
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|3� � ì ?L� ThL�i M) UL?|h@_�U|�L? |�@| ��r ' �2r ' �
uLh @** r � |� �tt�4i |L |�i UL?|h@h) |�@| �4@ 

| 	 � @?_ UL?t�_ih @ Tih�L_�| _i��@|�L?
M) �h4 � |L ^�@*�|) *i�i* �� A�i _i��@|�L? �?_�Uit |�i uL**L��?} ti^�i?Ui Lu ^�@*�|)
*i�i*tG E��| c �

2
| � ' E�c ��c @?_ E��rc �

2
r� ' E�c �� uLh @** r � | n �� A�i _i��@|�L? �t

ThL�|@M*i �u @?_ L?*) �u

7

#
�*�4@ 

|

� n �*�4@ 
|

$2

� 8f�
q n 8f E�

4@ 
| �q n

B

�� B

7

e
:

�

�� B

7

e

/ 7

#
�*�4@ 

|

� n �*�4@ 
|

$2

:
7

e

#
q n �

q

$
� 8f E�

4@ 
| �q

+ q :
��

e
�

�*�4@ 
|

�n�*�4@ 
|

�2 � �
� �

6Lh @ }��i? qc |�i *���t� Lu |�i *@t| �?i^�@*�|) �t �?_iTi?_i?| Lu �4@ 
| @?_ �c ���*i |�i

h���t� �t t|h�U|*) _iUhi@t�?} �? |�i h@|�L �*�4@ 
| c uLh � � �4@ 

| � 5�?Ui � � E2n
s
D��4@ 

| c

�D



|�i ThLLu �t UL4T*i|i �u �i U@? t�L� |�@|

q :
��

e
�

2n
I
D

�n2n
I
D

�2 � �
� ' f�S�Hf��

��| |��t �?i^�@*�|) �L*_t M) @tt�4T|�L?�
�hLLu Lu wi44@ �� A�i @?@*)t�t Lu |�i ?E7���h4 U@ti ThLUii_t @?@*L}L�t*) |L

|�@| Lu |�i 2��h4 U@ti Etii t�MtiU|�L? ����� #i?L|i M) U |�i ti| Lu �h4t ��|� TLt�|��i
i^��*�Mh��4 4@h!i| t�@hic ��i� U � i� ' �c ���c ?E7� m %� : fj� 5�?Ui i@U� UL?t�4ih
U�LLtit |�i �@h�@?| Lu |�i ^�@*�|) }LL_ ��|� |�i ��}�it| ^�@*�|)�Th�Ui h@|�Lc @** �h4t
��|� TLt�|��i t@*it 4�t| i ��M�| |�i t@4i ^�@*�|)�Th�Ui h@|�L �? i^��*�Mh��4� A�@| �tc
�h4 �<t i^��*�Mh��4 Th�Ui �t }��i? M)

R� '
��

��
R�

uLh �c � 5 Uc � 9' �� Nt�?} |�i _i�?�|�L? Lu |L|@* t@*itc 7 '
S

�MU R
�%�c L?i LM|@�?t

R� '
��7S
�MU ��%�

�

6�h4 �<t t|@}i�� ThL�| U@? |�i? Mi �h�||i? @t

%�
#

��7S
�MU ��%�

� S

$
�

A��t i Thitt�L? �t t|h�U|*) UL?U@�i �? %�c i^�@* |L 3ihL @| %� ' fc @?_ |i?_t |L
�4 @t %� $ 4� W|t �ht| _ih��@|��i �t t|h�U|*) TLt�|��i @| %� ' f �u @?_ L?*) �u
��7 : S

S
�MU �

�%�� A��tc |�i uL**L��?} �ht|�Lh_ih UL?_�|�L? )�i*_t @ �?�^�i �?|ih�Lh
4@ �4�4 �u ��7 : S

S
�MU �

�%�G

7S
�MU ��%�

� %���7

E
S

�MU ��%��
2 '

S

��
� E2D�

A��t }��it %� @t @ u�?U|�L? Lu R�i�}�|i_� @}}hi}@|i L�|T�|G

%� '

S
�MU �

�%�

��

#
�� S

S
�MU �

�%�

��7

$
� E2S�

5�44�?} E2D� L�ih @** �h4t ��|� TLt�|��i 4@h!i| t�@hic L?i }i|t

[
�MU

��%� '
7

S

ErU � ��S
�MU

�
��

c

�S



��ihi rU _i?L|it |�i ?�4Mih Lu i*i4i?|t �? U� W?tih|�?} |�i h���t� i Thitt�L? �?|L
E2S�c �i LM|@�? �h4 �<t i^��*�Mh��4 L�|T�|c Th�Ui @?_ ThL�|G

%� '
7

S

ErU � ��S
�MU

��

��

#
�� rU � �S

�MU
��

��

$
c

R� ' S

S
�MU

��

��

rU � �
c

@?_

Z�E��c ���c �?E7�� ' 7

#
�� rU � �S

�MU
��

��

$2

ThL��_i_ |�@|
S

�MU
��

��
: rU � �c @?_ %� ' Z� ' f L|�ih��ti�2H

W| hi4@�?t |L t�L� |�@|c �? @?) i^��*�Mh��4c U ' i�c ���c ?E7�j @?_c �i?Uic rU '

?E7�� 6�ht|c ?L|�Ui �u
S

�MU�t��
��

��
: rEU ^ i�j� � �c |�i? %� : fc ��i� � 5 Uc �?

i^��*�Mh��4( L|�ih��ti �h4 � UL�*_ ThL�|@M*) _i��@|i M) ThL_�U�?} %� ' E7*S� ��
rU*

S
�MU�t��E�

�*���
� �

��
�
rU*

S
�MU�t��E�

�*���
��
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