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MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tagungsbericht 37/1992

Mathematical Finance
23.8. bis 29.8.1992

Tagungsleitung: Darrell Duffie (Stanford)
Ernst Eberlein (Freiburg)
Stanley R. Pliska (Chicago)

Mathematical finance is a relatively new field, with most observers attributing its
birth in 1971 to the development by Black and Scholes of their celebrated formula for the
price of a call option. They took the price of a stock to be geometric Brownian motion and
used the economic concept of arbitrage to argue that the price of a call option is the
solution of a certain partial differential equation. In subsequent years these ideas have
been greatly extended and generalized by mathematicians, financial economists, and
researchers in the finance industry. In particular, it was soon recognized that many of the
powerful tools of stochastic calculus and martingale theory could be employed to derive
results of both fundamental and practical importance. Research in this field is now rapidly
accelerating as mathematicians interact with financial researchers and as the world's
financial markets continue to grow and become more sophisticated.

The first conference devoted to mathematical finance was held at Cornell University
during the summer of 1989. Prompted by its success, the Oberwolfach conference was
developed and organized. Thirty-six scholars from thirteen countries attended. Most of
these were mathematicians, but included were several financial economists plus two
researchers from the financial industry. Twenty-nine papers were presented, divided
among the following topics:

- fundamentals of arbitrage and martingale measures

- statistical estimation

- consumption, investment, and optimal choice

- options and futures

- term structure models

- insurance, risk and actuarial problems

- miscellaneous financial applications.



L. P. Foldes:
Martingale Conditions versus Programming Conditions for Portfolio Optimality

Brief review of a model of optimal saving and portfolio selections with general
semimartingale investments over an infinite horizon in continuous time. Discussion of the
relationship between conditions of optimality expressed in terms of martingale properties of
shadow prices and those expressed as programming conditions. The use of integer- valued
random measures and their predictable compensators to obtain programming conditions in
the form of integral equations (or inequalities). Illustration of the procedure in the special
. case of logarithmic utility. Also, a simple proof of the existence of an optimum in this
case.

In a longer, written, version, I would consider some additional points: Difficulties in
calculating solutions in general, in particular difficulties arising from the interdependence
of saving and portfolio decisions. Review of special assumptions which avoid some of the
difficulties, distinguishing between cases with continuous processes and those with jumps.



For Obevwolfacl

ABSTRACT 23-21/8[1A%*%

Scmimartingale Calculus in Portfolio Tl
Lucien Foldes, London School of Economics

We review a model of optimal saving and portfolio choice over an infinite horizon in
continuous time which the speaker has considered in several recent papers. In this model,
the vector process representing returns to investments is a semimartingale (which
may be neither special nor continuous, and may even have a countably infinite set of
jumps during a finite interval of time). We call attention to some useful techniques, in

particular:

()] the use of variables discounted or compounded by suitable interest
processes, |
(i) the use of mart-logs of returns and shadow prices, (the mart-log being

defined for positive semimartingales as the inverse of the Doléans
exponential), and

(iii) the representation of the jumps of the market process by means of an
integer-valued random measure and the calculation of its compensator

(Lévy system).

We set out general expressions for the return to a portfolio and for the equation of
accumulation, and consider the relationship between conditions for optimality expressed in
terms of martingale properties of shadow prices and those expressed as portfolio equations
or programming conditions.

Special attention is paid to the case where welfare is represented by the time integral
of the subjectively discounted expected values of log-consumption, and this is considered
more fully than in previous work. The problem of optimal portfolio choice can be
separated from the problem of optimal consumption, and the conditions for portfolio
optimality take on a particularly simple form. Among other things, they illustrate clearly
the differing significance for portfolio selection of market jumps at predictable and at totally
inaccessible times. A relatively elementary proof of the existence of an optimum can be
given in this case.



Baosce N.rﬁv&-ow B Bl
4 [ b At
(A4, P),  (de) T Lo,00) ; G oplinad P e milakte
A= 4 A asrey seewnitits
X s (x*, . 2 o ox") veln  seucimant inyade .
x /0‘7-—44,&.91»\ , v atts xlw, 4 x(e) = 0o
2:e% acdurn , potiluse 200y =/
fo- ./.’r a:f:f,’ z = £0f), fo iz (1)
ad
x): nt vt 2 Nhf/‘f“s&yk*v
. F*
X = M+ ¥ Eke. il oppiimadiny WAL
kot umpr g K0 S
: o coailiol wi
g 2t e A whpec - patd mtasane @roec
‘a2 )
T L ,‘-F‘. }/df,oa'/ , L‘
W e /M‘ st
x ¢4 )
gt P
r P o ¢
VA: = '/" ]13'1)/ 2 /d}:d P e£r TuFi g ' ¢ s
. . Tl .,,tﬂ.f—l '7 J ”
J Ak val “
e (Tl A & wliobiow b e 7/“4* we en .
Y /"‘*"’(“M zwncwl‘ 7/“
/\': , &« cef3 7 ' e ¢ j, A 2 1
& At F”[dfxiﬂ)=° %“ ’
- T it phae?
———/‘————_—/ -
. clin s,
o pepta plam sk S T (3)
vadiws atrwsts, *“""’M'
T at(w, 4] = '
2 R
W ( @r? vt
Fz 0 :‘T (WY Ak nalle ! ) wt«vk 5
ke, M bar ot
/“J “,(144(—‘
: (%)

Lt 5T Mr/—’/‘/t F"W

. ]
A /3*(*)‘ {-_fi,___,ﬂ—-———ﬁf‘“““[“
§Tcr A _ ‘tb"a“"_‘-ax"(”J G5 )
( ™ ‘?'_ + 2; [
EST

[Tt

s Yy
(«Ml“‘} 1- o {
s cad watadls
r A Ae
A Ac (€
xrery = LG e a T _ re APV R A (e¢
dV"‘*z‘_f'Z rl AT TE e La
RAPINE At )
H
* / Z,\ n.f'd ‘ » ou'\(/ﬁ‘)
Ax‘.ﬂ' s A(Z\‘n‘ﬁ .

(Al ‘2 ”e AH*)
l'in



(“G/G‘le" H“"t, .
it ‘ < j t—u-ou.gb_ 2

™
A,

““S“MW“ [ f-"vP!'rA_c s

& daload c._,ru‘Tq,(_ )

L-ea.._,\'.,‘g aniole Acm] fnf“-!ms atlnnt DL‘VML‘“; «lu) atrd, G O M Wy & wark
fta .Lyuvﬁ-'oa\ “ ALt At (‘ﬁo' “ Qe wa bonad by = ffvw r’u-(u. T esl 2 -~ g
r o Ak(E . * 02Tk roag i
’ p (4 ) ) / ”~ - / :c—_{l ) k(o] KD > 0 ey
r v 27047 o (4~}
Awh @ Aﬁw Ay A BWS uujq,lww
b Ll T& bvd ;

%‘r}ﬁ aruved A

(fu /)(Lyc:ﬂh. 9
M‘/A‘b\ wa e R O =0
' P : ol 1 - tradedived
M"‘M ' ﬁn ;,‘..A-Lu- Vel awd Z ; MMMI)M oA ey
7 £ o, 4 (227
e (ot = ECnEN zevt) hiw, Ay = RO )27 ¢ )
P A (2l sl tn A
(23
her) = Ko - [T eckrat B e y
el At anqpiine ok M Ar 2 0 ﬁ,\ at ¢ A s lrman
-4
L]
[ cksotk € K . y .
Ilwes ¢ Mﬂ'} Mw. a -{Luw:(»& C—ry(a,a.\ (uuumrda-w plom = “4"": ",
: ad A
o py Lt it e 72 akie ot @w) 5 ]
as , ) .
Al 7 P Jlaki i Y D ¢ tuad T are At
9 pak,  plomt <~
2% .

U S O -t
. (e, ™)
- (a,l-)z[u,*) w, 4 ¢

2 - 7w N ¢ A‘
E‘/“ “[‘{ it ""ﬁ‘““"‘u * g A
ce ,g T & 7— / w.{,\‘g‘w /M/t“f‘} {("“ P

4 L ea e bine’ ok L} 2 L4 -
: o wh W , - f }
Gv s wk A VIS e § ol aifo; Wl = *®
/ - P A Ak t 07T vadatn T
G’ >0, £ <09 *3 PR "
@m ¥ pad RO
e o e <2
- ¥ . A_),q'&. N Wl
‘ J ! ; fam (€5 m*) &« (. T 704
i du»l‘,«—.'ww slax pAaw b WM
x - €
(/"e N U‘(“,/"} = ‘:’[c- (““"-‘6); h),é).
Fn Ruy T, A, odlow  pacuw oo j'T ) Mw’-‘[ by e
= ¥~ e @-7!
'j"(w,,l») s, k) 2Tt B U-:ex”(tv ; R fMu—JM— 4 v-2
. - r ooy }
%""“ ”]:,'.. = L ’L -7 : / 4“} ; (et 77‘ / Z)‘ 017(_/ 62.8)
l€-) A(J.]
f aoy T T qe 4 ek P gt
v [9/73) 4 Y .{[4)) Va pM,,.,(.nA ,1'37‘_ - fa _;7;,[,;-) (2.9)

1{3&1;&:&4»«4“/,, ek . oo
l ~ 1z



£xampl ot de 2T o T
3
Lk -, -
M[C(u‘(.).ué) -
o s dailutje " TE ;
w,t) € s (Lu ey .,.,(;r)e-—trt
“ 31
V{C’”) s 3 (L e -~ ot o0
4 - w -
/\3\ C‘/ 7 & /; Xe 2 &—GM ‘ JURP
{ Ain (3:2)
“ A, .
'7 . VY’L MM Ccr ’ TTP) ﬂfrz‘yﬁl Nnag et A=
c® o - Adn Fom Ay
L
ol [(4“ ce )t L pudye b A /c?ou ¢ K, e > © (330
e ~ -y — >t
ve T a/t = (‘/Ce—*le“"é 2 (ifel) e e o ¥
Mw‘u«éat SR
7:- s 4 e Xt . (fces® i cownrltnt % /Co Jo( ‘e ol
»”
» B py - .
e o M0 Aakt Ko < -CC""’“. = ¢ /a¢ ot Co /¥
Joa  (wddand f(&c:;.e“"',u- Lot Y fo 72 0 A
we o d’: B te a)ala‘w-»(
A A v o  xM(T) = RTCTI
S A (3:5)
A rﬁ“]"[") A x ¢ Ac ne e L
= —_— = x -~ - fex =X x - <
4’1“ [ 3A{*_) r M + 1 ) - éé)
— axtcer = ox (k)
+ 2¢st [ < - ans -9xe )
For x* =2t —~ see (1.6) —
e ’\1",‘ = f.z mhdn (3
N A Loonte, M L (bnw)S, T >r
T < (3-8)
IRV 4 M, RPN fuZAn':“d<H‘,/'1‘>t
r $A A e
vE = [ ritanté N Ny N
62 7 axh - and A A-J 3.4
§7 = 2“_[ Piaall ¢ ~aM) o+ AN (34)
LJM V.a-u
~ _(5.[0)
7'\ =[~,"+M']+[N“ + 5 ] = ol wmakt * pmu/n'yﬁwa vats .
LRIy |
A . “L\ bu/l' f
wlal '7'\ A & m...f»ummzt. Mow Y An co whit b e
. o aA <4 {tat o
st A fW}\'VTAM- H At N 4 W ﬁ’“""‘ »
. Jor kY A o
loeakdy 4 s Lag prds v alim 70 s W cewV
-k x oo ] +[N“+f“] = /-:.MM“'/”"‘*M [
(340

s A, C‘.W‘M a(-lw‘d-?ﬁ"&;u 7 ~ A p

/a’-«-'))‘



4

i YA “ fuliew Tw " L
M Mé«u f\l\ ,llm M'M's s {tn%:n«w‘s)

¥ A
e 2 0, AJASQ' ﬁ:'\d.); A
(%1

-

ax* ~ ox ¥
Ao, avt e Forflext - It V‘]

aAx -
r A _ .
= fo //} / e)' (z—n:fe;'() t 1 —j'\ + Z”{Jf( _‘I‘f’)'[{)_an,t.(f»({]]/df’d{

A
A
v Teer I, ("~ ,Z”:*f‘)””"w) ew
: £
jo /Hm;a ?:A , ,1.(71/(-&& ; ’L“‘) F M /)4u-1v"f7
~ T o f’\ -} '\- ‘F-( ¢ Fp{j;ﬂ')
5? - /a /&[ e (fn:z_eﬁ) - - Tiie I(,,”,,? (g éTt f/]/
(#3)
e A .
Now  faddewm £ @ flos k) = fe(AT)AGLED 6= G- E ced
f"'“t'o aAite <xe 7t WI: Q- Fe
pod Brouinn P o wp'ely pok M pUsAG o Mafouad, ) o
dVA‘/M‘ = b;éA o{zH“,H“;/,&-.— 6":‘ , d&cfdé' = ?-t; ) («-S)
At At G‘hww”“? N
b ek W courlove %67
o h-NM‘C.,, A e T* >0 adund a0 a9
i o- a3 T
) ) X
Fov ('-0;4-)5;{ we  bhaut AG:.( > 0 4‘7 M
- NT A %)
~§ s 0, X< -t (d5). (&6
0 = ASL:,‘ = f:—‘ el (e € / 14
Fn ['-uU(? ot et . )
’ ° A . / ’)(Z”r«‘{i\')".-l-l‘m‘ (f"—ert”f/
L AL = Ne & Ne +3/4 t < A
Sfe(d5) §LEd
&7
L ' [ 1 — £ ]
P L A LA A A Lnit e o)



I’M’MM comole Lonnr ’ﬁf f”‘-‘}“"m. dl"dw-p} 7 X

NU& how A
repaat. wh, Al At Pn  Wlally  taaccrn' b geemps
orditng wh My wuliwuny A s,
bag ol canirdd
Seppran Tt A arset V{&M‘M.Ib
re o e PG
RS SV { = ’L\d‘, /\'XJ—A b} ger Lt .
F [anrend .n.‘quuu
. A ad~ A"ll L
AL
‘}A_';v(_‘_{‘.’\"_.)_“n:{f
o u.»&ius %A A

(’u,(') € 9

X
,(,,,.,\ Tipne fV‘ A e
Fty - (A5 )
- FXd e p—(e ) ]1/&
- 1 (5"
o /,\ /(e €

(t)

B r‘.er(./-‘ = Iu(_‘. 5A]j+//j)j
[u,é/ﬂﬁ-

(S i

(5-2)

(54)



Port scacpl ! Exclumer 0 an  eplivad port fulis  plom
i Al cane g Aoy - ikl

(w, £ & ﬂ— , o slea  Ata fyf'd’("u"‘\ “ MQ.DU‘M—U'O"AA’_

a1 rlzro £ <

Z Ske R4 )

A g
... (811

/. (S EA ) ferns) bt s
) Fa(Fh ., BR) vt o RM

it aemlable wssbiow, <3 7
. (&S

' tean (5 [ 5 0
< g5
a w“,b‘wl« P“"M“ dD

o ,Lut‘-,/kd i (600~

(63 )

o At 2

K-

W‘VGJ ’b} \M‘_
fois 2 (v"‘)"g" _—
.t et F .
(0 ua‘:' fv‘ (u ,t) 4
o A T “ A f’\)__I‘ﬂ(,
__n;((.\-t)(-//.&s/z. ro € -
[ <>
‘ s - K~T
kil 7 (o A 2T
s WAAA 0 S

Z“;'\!V/*//j/f/ﬁ
Lo wobs Gres ],

M"&.‘“’ 3
* 6-5)



J how e
o abow thed aw plomum  2xrsh fe.-ﬂu [Jw&hm

max EflUuc)q il awkgest b
[eoe £ Kozl &7 ¢ 20 61 <t (3:3-3-4) above
deftnes c6A
Efqot £ 1 and E[L(,H-k&)?m% > - 00

) & townt B-E LMD

Whana O‘i(w,é

tovntdan fuc Mpwtc.la] ;.,,. ¢21t, Cs

Takke O <& €<, & el

e

;.\f C>‘; MU’

f[uu)”‘] = (u-e;(xuc)‘ fe 4
“ 2 1+ € )c—! )‘/c c(i+ €)€
3 ¢ & €

<4~\C)'*‘—(»b‘*’)“ < (eel [ FT e E e /, ¢ Ee

£

zery
- 4. (M
=t

21
« Ko =
< l—L‘/}u
§ e
wmpﬂ.oe

fhe {—Iu«us {4 Ic_zi : Ciz‘ ’) & m«.k—ﬁ W.J.u.a.‘
- o4 E}l'}'aug. Lewmw @, F-5'

Ot Afs‘uw‘tﬁou,i\') P-S'-t
4 RES 1978
On tha o Tatn [NP 3
‘ ¢ <=-$i
E[cu C’(“f?ﬁ,‘“ = Eft‘,(lk‘p)q,ou“ 7 we At =
s tha 4 ~ 06 b M"“uﬁfﬁ:“),
e V0 > 7 . . r'sg " Rfs (173
LA pon “ et . '
Lownida BE ochg 1 to arrty B g L e 30
4978,‘..40\-"»“)

A otk
Ef,e fulhe) g & = Ef“,(x»k*l 14
) , d/t >—ﬂn
=(/hﬁ)5f$‘,¢¢d w EJy o VY

#) el ALY DAL n.,c.;,c.ug&,

A . 5é.
e b?tk c Yy @k ly\’t"wum axréb, Theott e



	oberwolfachconferencecover.doc
	oberwolfachconferencenotes(authorversions).pdf



