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ABSTRACT. On the one hand, rough volatility has been shown to provide a
consistent framework to capture the properties of stock price dynamics both
under the historical measure and for pricing purposes. On the other hand,
market price of volatility risk is a well-studied object in financial economics,
and empirical estimates show it to be stochastic rather than deterministic.
Starting from a rough volatility model under the historical measure, we take up
this challenge and provide an analysis of the impact of such a non-deterministic
risk for pricing purposes.
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Introduction. Rough volatility is a recent paradigm proposed by Gatheral, Jais-
son, and Rosenbaum [14], which has attracted the attention of many academics and
practitioners thanks to its numerous attractive properties [7]. Despite some debate
about whether volatility should be rough [1, 2, 16, 25], this class of models provides
a general framework to analyze both time series of the instantaneous volatility (un-
der the historical measure PP) and prices of financial derivatives (under the pricing
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measure Q). Starting from a rough version of the Bergomi model [8] under P, Bayer,
Friz, and Gatheral [6] showed that a deterministic market price of risk preserved its
structure under Q (somehow akin to the Heston model [17] specification).

However, the financial economics literature has long shown that this market price
of risk, monitoring the transition from P to Q via Girsanov’s transform, is neither
constant nor deterministic, but instead stochastic. Its estimation has been the
source of long academic discussions, outside the scope of the present paper, and for
such discussions we refer the interested reader to [4, 9, 10, 12, 20, 22]. This of course
has serious practical implications for risk management, for which [15] is a fascinating
source of information. We focus here on this particular bridge between P and Q@ and
show, not surprisingly, that the required stochasticity of the market price of risk
unfortunately breaks the structure of the rough Bergomi model under Q. However,
we link the Holder regularity of the volatility process (lower in this class of rough
models) with that of the change of measure, and design several specifications making
the model tractable under Q. While the rough Bergomi model tracks the behavior
of the historical volatility well, it is less powerful for option prices, especially when
considering VIX smiles (which are more or less flat under this model). Our new
setup allows for more flexibility there, while preserving the P-tractability of the
model.

Section 1 provides the technical setup and analysis of the market price of risk,
while the design of useful continuous-time rough stochastic volatility models with
non-deterministic market prices of risk are detailed in Section 2. Finally, in Sec-
tion 3, we perform an empirical analysis, estimating risk premia from historical
options data.

1. Rough volatility models and change of measure. Rough volatility models
are a natural extension of classical stochastic volatility models. Starting from such
a model under the historical measure P, we charaterize below its dynamics under
martingale measures Q equivalent to P, which then, by the fundamental theorem
of asset pricing, allows for arbitrage-free option pricing. Following [14] for example,
we consider a rather general class of (rough) stochastic volatility models under P,
where the stock price process admits the following dynamics:

d
B =t i,
t

Ut :w(?yvt)a (11)
Y, = [ k(t,s)dZF,
t /0 (t,s)

starting from Sy, vg > 0, over a fixed time interval T := [0,T], for T > 0. Here,
w is a (Fy)ier-measurable process, ¢ : T x R — (0,00) a continuous function,
wrF = (WF, WPL) a two-dimensional standard Brownian motion on a given filtered
probability space (€, F, P), with F := FW vFW"" and ZF := pWEF+pWPL, where
p € [-1,1] and p := /1 — p?. We assume that for each ¢ € T, the kernel k(t,-)
is null on T\ [0,#], and [; k(-,s)dZ% is a well-defined continuous Gaussian process.
In particular, k(t,-) € L?([0,t]) for each ¢t € T ensures that the process is well
defined, and we refer to [Section 5][3] or [11, Section 3] for conditions of continuity
criteria. For example, the Gamma kernel, commonly used to model turbulence, and
pioneered by Barndorff-Nielsen and Schmiegel [5], is given by

k(t,s) = (t — )73 P91, with H € (0,1), 8 >0.
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We further introduce the set Fj of P-bounded and (F;)ier-progressively mea-
surable processes, namely X € Ty, if there exists a constant ¢ > 0 such that
P (Supt>0 | Xe| < c) = 1, and recall the Doléans-Dade stochastic exponential of a
square integrable continuous process X:

1
E(X)y :=exp <Xt - 2<X>t>, for t € T.
Finally, we introduce a progressively measurable interest rate process (r¢)¢er, define
the corresponding Sharpe ratio by x; := Tt\}'ut fort € T, and consider the following
Ut

assumption.
Assumption 1.1. The processes x and v are (F;);er-adapted with cadlag paths.

In order to state the main result, define the Radon-Nikodym derivative, for each

teT,
:5</ XudW}f+/ %dW}f’vL> . (1.2)
]:th 0 0 t

Proposition 1.2. Under Assumption 1.1, D7 is a locally integrable P-local mar-
tingale on T.

10

D} = P

Proof. Since W¥ and WF+ are independent Brownian motions (and so locally
square-integrable local martingales), by [24, Section II, Theorem 20], the processes
Xt = fo XudWE and X2 := fo Y dWE-L are locally square-integrable local mar-
tingales. The sum of two locally square-integrable local martingales is itself, and
hence so is X := X! 4+ X?2. Finally, notice that the Radon-Nikodym derivative D7
defined in (1.2) is precisely the stochastic exponential of X, and thus a non-negative
local martingale itself. This implies that D7 is a positive super-martingale, which
together with the fact that DJ = 1 yields D} € L! for all t € T. O

Finally, weconsider the following set of assumptions, in place for the rest of the
paper.
Assumption 1.3.

(i) The function ¢ : T x R — (0,00) is continuous, bounded, and bounded away
from the origin on T X (—o0, a] for each a > 0;

(ii) Kt > 0 such that sup,cp {fot k(t,u))\udu} < Kr, P-almost surely, where A
denotes the market price of volatility risk defined by
At = pXxe + P Ve (1.3)

(iii) The correlation is negative: p < 0;
(iv) The Radon-Nikodym derivative satisfies E[D]] =1 for all t € T.

Remark 1.4. Note that Assumption 1.3(ii) also implies that, for all n € N,

t
sup {/ k(uu))\udu} < Kr, P,,-almost surely,
0

teT
with
dP, . P ' P, L -
— =¢£ XudW, + [ ~udW,> and 7, :=1inf{t >0, ¥; =n}.
dp Fi 0 0 tATh

(1.4)
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Indeed, given an event A such that P(A) = 1, the Cauchy-Schwarz inequality yields
1=P(A) =E[14] = E,[14(X) Y]
< En[La] Ea[£(X) 777 = Bo(A)PE[E(X) 7E(X)]?

D=

= B (A)FEE(X) 1 = B (4)tE [8<X> exp ( / e vidun F B,

where in the last step we have exploited the fact that £(—X) is a non-negative
supermartingale since —X is a continuous local martingale. Thus, we have proved
P, (A) = 1. An analogous argument shows that the same holds for Q.

Remark 1.5. Assumption 1.3(iv) is guaranteed under different sets of stronger
assumptions on v, u, X, r and v, in particular,

1 /T
o if E [exp {2 / | X;|2dt ¢ | < oo, namely X satisfies the Novikov condition;
0

e if Assumption 1.1 and 1.3(i)-(ii) hold and processes u,~y, andr belong to Fy,
as detailed in Appendix A.

Proposition 1.2 justifies the use of a Doléans-Dade exponential in the definition
of D7.
Theorem 1.6. Under Assumptions 1.1 and 1.3, the following hold:

(I) the Radon-Nikodym derivative process DV in (1.2) is a true Q-martingale;
(II) under the (arbitrage-free) equivalent risk-neutral martingale measure Q,

d?st = rydt + Jor AW,
t
t
v =1 (t,Yt —|—/ k(t,s))\sds) , (1.5)
0
t
Y, = [ k(ts)dz2,

0

with So,vo > 0, \ is the market price of volatility risk in (1.3) and where W@,
and Z9 are Q-Brownian motions defined as

wQ .= Wﬂ"+/ xudu — and  Z9:= ZP+/ Audu; (1.6)
0 0

1I1) the discounted stock price S = 5 with dB; = rBydt, By = 1, is a true
B
Q-martingale.

Proof. To satisfy the no-arbitrage conditions, the change of measure for WF is
constrained by the martingale restriction on the discounted spot dynamics, while the
Brownian motion ZP gives freedom to the model and makes the market incomplete
by the free choice of the process . Consequently, the change of measure from P to Q
and the corresponding Radon-Nikodym derivative directly follow from Girsanov’s
Theorem via (1.2), provided that D} € L' and D? is a true martingale. Thus,
once we have shown (I), then (II) automatically follows. By Proposition 1.2, D} €
L', and, being a non-negative local martingale, is a super-martingale, and a true
martingale on T if and only if E [DJ.] = 1. This is guaranteed by Assumption 1.3(iv),
hence (I) holds, and therefore (II) as well.



82 OFELIA BONESINI, ANTOINE JACQUIER AND AITOR MUGURUZA

We now prove (III): The discounted price S = % is a true martingale for p < 0.
1t6’s formula under Q yields

Lo _ Jmawd,
S,

t
v =1 (t,Y} —|—/ k(t,s))\sds) ,
0
t

Y, :/ k(t,s)dZ2.
0

Define the stopping time ¢, := inf{t > 0, }A/t = n}. For any t € T, the random
function g(z) := v (t x+ fo (t, s)A ds) is bounded Q-almost surely on (—oo, a)
by Assumption 1.3(i)-(ii), with A in (1.3), so that, since S is a Q-local martingale,

So = E¥Srac) = E¥[Srhir<r,y] + EYS,, Lirsi, -
The first term converges to E2 [§T] as n tends to infinity, hence

o — E9[Sy] = lim EC[S,, 1irs..y]-

Girsanov’s theorem further gives EQ[ST]l{T>L = SoP (T > 1), where P, is such
that W" = Wt — ML” v.ds is a IP’ -Brownian motion. Note that, for ¢ < ¢,
Y, = Y}—i—pfo (t,s USdS where Y; = fo (t, ) dZ" and Z” = ZQ—pfO (t,s)vsds
is also a P,,-Brownian motion. We conclude that if p < 0, then Yt >Y; and

lim f”n(Ln <T)< lim ﬁ’n(fn <T)=1lmP| sup V; <n| =0,
ntoo ntToo ntoo te[0,T]

where 7,, := inf{t > 0, Y, = n}, and hence S is a true martingale. O

Remark 1.7. Under Assumption 1.3, consider p < 0, some valid function v and
kernel k, and the constant values 74 = ¥ and @ = pus < ry = 7 for 7, u,7 €
R ensuring Assumption 1.3(iv) so that Theorem 1.6 applies. In this scenario, a
sufficient condition for the change of measure to be well defined is that the physical
drift must be smaller than the risk-free rate.

1.1. Rough volatility models via generalized fractional operators. Many
rough volatility models can be represented [18] in terms of generalized fractional
operators (GFOs), which are defined as follows [18, Definition 1.1]:

Definition 1.8. For any 3 € (0,1), a € (—3,1 — ), and h € C}((0,00)) such that
R'(-) <0, the GFO associated to the kernel k() := 2*h(z) applied to f € C?(R)
is defined as

) [ ) = s kit = s)ds, itacfo.1-0)
@ N0 =1 % |
G | e = ok - 9as. itae (5.0,

To simplify future notation, we let Hy := H + % for H € (0, %) We now

introduce a specific setup that will drive the rest of our computations: Consider the
power-law kernel

Ko (u) := u™ gy >0y, (1.7)
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as well as the set
Agg = {)x € CP for some f8 € (0,1] such that H_ € (—f,0) and \(0) = 0}. To
this particular power-law kernel, the GFO (from Definition 1.8, since H_ € (—1,0))

27
reads
d

@ Pt = 5

/O (F(s) — F(0))kn_(t — 5)ds.

Further, denote
t
kg, (t—s
K(t,s) = / kg (u—s)du = M,
0 Hy

so that the corresponding GFO is precisely h%gH +. To streamline notations and
emphasize nice symmetries, we introduce the notations

1
Hy

From the properties of the GFO [18, Proposition 1.2], &\ € C#+H+ as soon as

AE A&H.
Corollary 1.9 (GFO representation). With the kernel kg in (1.7) and X € Ag m,
system (1.5) under the risk-neutral measure Q can be rewritten as

ds
?t = rdt + /o dW2,
t

o = (6 (629 + (BN,

& =gl and et .= gH+.

Proof. / kg (- — s)dZ% = 6729 is straightforward by the properties of GFO
0
in [18, Proposition 1.4]. Furthermore, for any A € Ag i and any t € T,

t t d
/0 ki (f— 5)hods = /0 SR 9) (0 — do)ds = (67) (1),
O

Note that since &\ € C#+H+ the risk premium has sample paths with Holder
regularity greater than % regardless of the value of H.

2. Modeling the risk premium process: A practical approach. In practice,
the process A is directly modeled without resorting to a change of measure starting
from 7. We now consider different modeling choices for the risk premium A and
analyze some of its properties. In spite of the formal derivation of Theorem 1.6,
a numerical treatment of the integral fot e ds is rather intricate. To overcome this
issue, Bayer, Friz, and Gatheral [6] elegantly came up with the forward variance
form of rough volatility in the spirit of Bergomi [8]. We shall restrict ourselves
to this functional form (defined below in (2.1)) for the remainder of the section.
Consider (1.5) with ¥(t,z) = &o(t)e’®, & (t) := E[v¢|Fo], and v > 0. Then, the
risk-neutral dynamics in forward variance form read

s
?t = rdt + /o, AWR,
t

v = &o(t) exp (,, (/Ot ky_(t—s)dZ2 + /Ot kg_(t— s))\sds)) :

In the remainder of this section, the process X© will denote a Q-Brownian motion
possibly correlated with W@ and Z©.

(2.1)
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2.1. Risk premium driven by It6 diffusion. Generalized fractional operators
provide a natural framework to model risk premium processes driven by diffusions.
The statement below shows the details of such a construction. Recall that the Beta
function is defined as B(z,y) := fol s*71(1 — s)¥~1ds, for z,y > 0.

Proposition 2.1. For H € (0,3), a € (—3,0), let A := bG*Y? € Cots with
b:=B(Hy,a+1)"" and Y = fg b(s, Y2)ds + fot o(5, YO)dXQ, where b(-) and
o(-,-) satisfy the Yamada-Watanabe conditions [21, Section 5.2, Proposition 2.13]
for pathwise uniqueness ensuring a weak solution. Then, GotH+YQ ¢ cH+a+1 gng

v =&olt)exp {v (8 2%)(1) + (G ¥ ) (1)) }. (2.2)
Furthermore, if Y@ = X and d(Y'Q, Z%), = pdt with p <0, then
E® [u| 7] = €o(t) exp {v [(8729) (s,8) + (G4 X2) (s,0)] } (2.3)
v: (ko (t —s)  Kouy1)(t—s) kopr, (t — s)
XeXp{z( B b 2H_2;+(H+1) MR 7E )}

where (QH—ZQ) (s,t) = fos kg (t — uw)dZQ for 0 < s < t, and similarly for
(g“+H+X‘@) (s,1).

Proof. First, we prove (2.2), which follows from [18, Proposition 1.2] and the iden-
tities highlighted above in Corollary 1.9. Indeed, in view of Corollary 1.9, we only
need to show that fot kg (t — s)Ads = (G¥HH+YQ)(¢). Replacing the expression
for A in the integral and using the stochastic Fubini theorem, we obtain

/Ot Ko (t— $)hods = b /Ot ki (t— 5)(G°Y®)(s)ds
= b/otkH_(t s) /Oska(su)dY;@ds
_ b/ot /utkH(t— §)ka(s — u)ds AY2.

Now, direct computations for the inner integral yield

/ka(t—s)ka(s—u)ds:ka+H+(t—u)/o (1 —s)H-s52ds

— B(a+ 1, Hy Ko, (¢ — ).

Therefore,

t t
/ kg (t —s)Ads = b/ Bla+ 1, H ) koim, (t —u)dY,2
0 0

t
_ / Koo s, (t — w)dYQ = (GoHY Q) (1),
0

We now move to the proof of the identity (2.3). Exploiting the representation
of v; in this specific case and the measurability and independence properties of the
Brownian increments,

EQ [Ut|]:s]
= &E2 [exp {v [(67-Z9) (t) + (6> T+ X?) (1)] }]
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= {exp{l/ [/OtkH (t —u)dZ2 + /Otkwm(t—u)dX;?} H

_fo()exp{ [ wazg s [ - waxg] |

0 i

88 o fo [ [ s - 0028+ [" - ] |

=& (t) exp{ /0 Ky (t—u)dZ2 + /OS Koym, (T — u)ng_ }

2 i _ t —
><exp{y2 (/ kop_ t—u)du+/ sz%(;u)du—i-p/ Wdu)}
s + s +

= &o(t) exp{ / kp_ (t—u) dZQ /OS Koym, (T — u)ng_ }

0 i

kop(t —s)  komsn)(t—s)  kop,(t—s)
XeXp{2 ( oH T amiE+) T I '

Thus, we only have to show that

(GH-29) (s,t)= /0 kn (t—w)dZ2 and (G*TH+X?) (s,t)= /0 ( Kot p, (t—u)dX2.

We prove the first identity, the second being analogous. It is a straightforward
consequence of the definitions and the properties of Brownian increments:

(G- 29) (s,1) := EQ [/Ot Ky (t— u)ng]
— /0 ) Ky (t—u)dZ2 + EQ { / t kp (t— u)dZi?]
— /Ska (t —u)dZ2.

0
O

Remark 2.2. Since the instantaneous variance in this model is log-Normal, the
results in [19, Proposition 3.1] and numerical methods therein still apply for the
VIX with minimal changes.

2.2. A risk premium driven by a CIR process. A second natural choice is to
consider the Cox-Ingersoll-Ross (CIR) process

AYQ = k(0 — Y@)ds + o/ Y dX, (2.4)

with k,6,0 > 0. As tempting as this approach might seem, it is not trivial at all to
compute the basic quantity E2[v;] here, as the following proposition shows.

Proposition 2.3. Assume that the Brownian motions ZQ and X9 are independent
and consider A = GYQ € €+ with Y defined in (2.4). Then, for any s < t,

EZu] = &o(t) exp {v [(629) (s,1) + (6" H+¥?) (s,1)] }

2t
exp{I;/ kg (t*U)QdU*YsQC(SvT) A(SvT)}7
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T . - .
where A(t,T) := —kb [[ C(u,T)du, and C satisfies the Riccati equation

vy (T,t) — 0, C(t,T) + C(t,T)0 + %2()2(1; T) =0,
for t € [0,T), with boundary condition C(T,T) = 0.
Proof. By independence of the driving Brownian motions, we have, for any u < t,
Elve|Fu] = &) exp {v (&~ Z29) (u,t) + (G*TH+Y Q) (u, 1)) }
< E [exp {v ((672%) (1) - (67 2°) (1)) }]
X E [exp {v ((9°T+Y2) (1) - (G4 v ) (u,) }],

where the first expected value is the MGF of a Gaussian random variable, hence

2

E [exp {V( (QS*ZQ) (t) — (®7ZQ) (u,t)) H = exp {1/2 /ut kg (t,s)ds} .

We are now interested in computing the second expectation

E [exp {1/ ((Q"+H+YQ) (t) — (ga+H+YQ) (u,t)) H ,

t
where (G*TH+Y Q) (1) — (GOTH+Y Q) (u,t) = / ky_(t,5)Y2ds. This is, in spirit,

similar to computing a bond price in the CIR model. To do so, define

T
exp (1// kg (T,s)YPds)
¢

where ¢ < T. We note that B(-,T) is a semimartingale as T is fixed, therefore,
applying the conditional version of Feynman-Kac’s formula, we obtain

B(t,T) :=E Fil, (2.5)

2
<1/rkH (T,t) + 0y + k(0 — y)0, + 027“8%) B(y,t,T) = 0. (2.6)

where B(y,t,T) is such that B(Y,2,t,T) = B(t,T) given in (2.5). With an ansatz
of the type B(y,t,T) = exp{—yC(¢t,T) — A(t,T)}, we have at (y,t,T),

8tB(y7 t? T) = _(yatc(tv T) + atA(t7 T))B(ya tv T)a
8?}6(2-/7 ta T) = _C(ta T)B(y7 tv T)? 6yyB(y7 tv T) = O(t7 T)2B(ya t7 T)a

and the PDE (2.6) becomes, with r = Y,2,
o2
<yy;@kH (T, 1) — (y@atc F A+ K (9 - YtQ) c) n 2021/;@) B(Y2,t,T) =0,
which further simplifies to
2
(;/kH_ (T, t) — 0,C — kC + "202> YEB(Y2, t,T) — (k0C + 8, A)B(Y,%,t,T) = 0.
The last term cancels for A(¢,T) = —kb ftT C(u,T)dt, and the Riccati equation

vk (T,t) — 0 C(t,T) — wC(t,T) + %zCz(t,T) = 0 remains, with
A(T,T) = C(T, T) = 0. O
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In the uncorrelated case, the computation of E@[v;] becomes very costly, having
to solve a quadratic ODE (with time-dependent coefficients) for each time ¢. In
the correlated case, there is no hope to obtain any semi-analytic result since one
would need to compute cross terms, and there is no tool coming from It6’s calculus
available in that case. = The approach in this section was essentially top-down,
meaning that we specified a form for the market price of volatility risk A and deduced
the shape of the model with this specification. Unfortunately, our analysis showed
that this may ultimately not be so successful as the final form of the model is rather
intricate, probably too much so for practical purposes. Alternatively, one may first
infer some shape of A from market data (short rate of interest, expected returns
and instantaneous volatility) and then use it to price options under Q.

3. Roughly extracting the risk premium from the market. We now consider
the risk premium process A to be deterministic, and obtain a formula linking P and Q
market observable quantities. The following theorem shows how to infer the risk
premium from the market using forecasts under P and variance swap prices under Q.

Theorem 3.1. Consider the rough volatility model (1.1) under P. If ¢(t,z) =
o(t)e”™, ps =15 for all s >0, and (As),5o € L*(R) is deterministic, then

z/p/st kg (t,u)y,du = log (m) = log (m) : (3.1)

Proof. If = r almost surely, the Radon-Nikodym derivative (1.2) in Theorem 1.6
reads DY =& ( fo s dWE J-), with A\s = pvs, and the inverse Radon-Nikodym deriv-

ative is given by Q7 := % = (— fo fySdW;@l). Then, the conditional change of
measure formula yields
EQ [0, Q7 | F]
EF[vy| Fy] = =it 3.2

On the one hand, E? [Q}|F,] = & (= [y 7dW.2") by the properties of the stochas-
tic exponential and Gaussian moment generating functions. On the other hand,
since, for t € T, z9 = Z7 + fot Asds and A is deterministic, then

]EQ [’Ut@z ‘]:s]

¢ ¢
=EQ |:exp {1/ (/ kg (t, u)ng—F/ Ak (¢, u)du) } o Jo vudWEH =3 [§ vidu
0 0

7|

t t
— ¥ Jo Aukn_ (tw)du—g [ vidupQ [exp {l// ky (t,5)dZ9 — / %dW;@lH -F€:| ;
0 0

where the second factor in the last term is just the conditional moment generating
function of a Gaussian random variable. Applying It6’s isometry, then, condition-
ally on F, the random variable l/fg kg (t,5)dZ2 — fot 7sdW@is distributed as
N (u, 02) with

,u::y/ kg (t,u)ng—/ ’yude?J‘,
0 0

t t ¢
%= y2/ kz(t,u)du—l—/ vodu — 2’/5/ kg (1, u)yudu,
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since ZQ = pWQ 4 pW L. Exploiting the identities above and reordering terms,
EC [0, Q7 | 7]
n

t s s
exp{lj / Ky (t,u) A du + v / Ky (t,u)dZ2 — / Y dW It
0 0 0

1 t ¢ t t
+ 3 <V2/ K2 (t, u)du + / Y2du — 21/ﬁ/ kg (¢, u)y,du —/ ’yidu) }
s s s 0

o2

EQ[Q7| 7]

t s 1 s
= exp{ — Vﬁ/ kg (¢, u)vudu} exp{ — / ’yudVV;@l — 5/ Vidu}
s 0 0

s 2 t t
+exp {V/ ky (t,u)dZ2 + % / k% (t,u)du + u/ k(¢ u))\udu}7
0 s 0

EQ[v¢ | Fs)

by using the decomposition of o2 as the sum of three terms, and so
t
E [0, Q]| Fs] = B2 [Q) | Fo] EQ[vs| Fs] exp {I/p / ky (1, u)fyudu} . (3.3)

Finally, going back to (3.2) and exploiting the identity in (3.3), the result follows
from

¢
Ep[vtu—'s] = EQ[th—'s] exp {—up/ kg (t,u)vudu}

t
= EQu,|F.] exp {—I// ko (t,u))\udu} .
O

3.1. Estimating the risk premium in rough Bergomi. In this section, we
work with the rough Bergomi model under P and its Q-version:

dSt _ P
(under P) S, pudt + or AWy,

U = exp {uZtH} ,

% = rpdt + /o, AW,
t

vy =&o(t) exp {u </Ot Ky (t— u)d29+/0t Ky (t— u))\udu>} .

Assuming A is deterministic, Theorem 3.1 gives an explicit procedure to compute
the risk premium. In practice however, we are only able to observe variance swap
quotes in discrete times, and hence it is natural to consider A\ piecewise constant.

(under Q)

Assumption 3.2. Given a time partition {0 = Ty < T1,...,< T, = T}, the
deterministic process A admits the piecewise constant representation

At) ==Y Nilgeerr, 1y, A €Rfori=1,...,n. (3.4)
i=1
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Similarly, the forward variance admits the piecewise constant representation
Eg[vt] = &) = Y0 &lyer, oy with & € R for i = 1,...,n, where

U7, T; =V, _Ti—1 Q|1 T ; i
& = — and Yr :=E* | % fo veds| is a market variance swap quote.

We now estimate {A1,- -+, A, }. The dataset consists of daily Eurostoxx variance
swap quotes for maturities {1M, 3M, 6M, 1Y, 2Y} (Figures 1 and 2), while Figure 3
shows the daily realized volatility obtained from Oxford-Man institute data.

Historial Variance Swap Quotes on SX5E

— 1M
— 3M
50.0% 1 —— 6M
— 1Y
— 2Y
40.0%

30.0% L1 \:‘
]

20.0%

10.0%

S P P o e P

FI1GURE 1. Variance swap volatility daily quotes on SX5E

Forward Variances extracted from SX5E

30.0%

25.0%

20.0%

15.0%

10.0%

5.0%

FIGURE 2. Forward variances extracted from variance swap quotes
on SX5E
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Historical annualised daily realized volatility on SX5E

—— Realized Variance
150%
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75%

50%

25%

0%

S e @ P e
Date

F1GURE 3. Annualized daily realized volatility on SX5E

In order to apply formula (3.1), we need the following ingredients:
Parameters H, v, p, EF [ Fol, EQ[v;| Fo. (3.5)

So far we have obtained EQ[v;|Fo] from variance swap market quotes. The next step
is to estimate (H,v, p) using historical time-series. Gatheral, Jaisson, and Rosen-
baum [14] explain how to estimate H and ¥ from daily volatility data (Figure 3),
and we follow their approach using a 100-day rolling window (Figure 4) and refer
the reader to the original paper for details.

Historical estimation of H and v on SX5E

| A ) p

"
I N

0.6

0.4

0.0

2002 2004 2006 2008 2010 2012 2014 2016 2018
Date

FIGURE 4. Estimated H and 7 on SX5E.

t
To estimate the correlation parameter, we use Corr <Zf - ZsH , / dWs) =
S

pV2H

+

, which allows us to estimate the correlation with the proxy

. H+3 —— (log(S:,) —log(Sh,_,)
p= —= Corr
2H Vi

Figure 5 below displays the historical estimates using an estimation window of 100
days.

710g<vti) - log(vti1)> .
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Historial Spot/Vol correlation on SX5E

20% —
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FIGURE 5. Daily correlation estimate on SX5E and realized volatil-

1ty.

To forecast volatility and obtain EF[v;| Fo], we proceed as in [14], and use the fore-
casting formula for the fractional Brownian motion due to Nuzman and Poor [23]:

cos(H) ¢ ZHds CuA%H
ZH F ~ AH+ / S .
realFe N( 7T o (t—s+A)(t—s)H+" 2H
Finally, we orderly estimate A; for each ¢ = 1,...,n using Theorem 3.1 and the

piecewise constant assumption (3.4), as

~ [ _ 1 &(T) )
2N i, ot = o (&)

Figure 6 shows the historical evolution of the risk premium process.

SX5E Risk Premium dynamics

40

35

30

25

20

15

10

2010 2011 2012 2013 2014 2015 2016
Date

FIGURE 6. Daily SX5E risk premia; dashed lines represent means.

Remark 3.3. We would like to emphasize that assessing the best method to es-
timate (3.5) is beyond the scope of this paper. However, as highlighted in the
introduction, we stress the importance of Theorem 3.1 toward which this empirical
work provides a first step.
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Appendix A. Proof of Remark 1.5. Following the ideas in [13, Proof of The-
orem 1.1], we show that Assumption 1.3(iv) is guaranteed provided that Assump-
tions 1.1 and 1.3(i)-(ii) hold and the processes p, v, andr belong to F,. From the defi-

dP,

nition of the change of measure and the stopping time in (1.4), then D7, . = <

Tt

Lzl jg P-bounded on (—o0,a] for

Vi (s,@)
any a > 0 since r and p are P-bounded, and (s, -) is bounded away from zero
on intervals of the form (—o0,a] by Assumption 1.3(i) together with the additional
assumptions in Remark 1.5. Then, by Proposition 1.2,

=E [D%/\ﬂj =E [,D%]l{T<'rn}} +E [,D;/n]l{TnST}] . (Al)
The first term in (A.1) converges to E [D}] as n tends to infinity, yielding

For any s € T, the random function f(x) :=

Girsanov’s theorem implies E [DV ]l{m<T}] ]P’ (1 < T), where ]IADn is defined such

that Wy = WF— [,
Y becomes

tATH N tATn
Y, =Y + / k(t, s) (pxu +p %)du =Y+ / k(t, )\ du,
0 0

Xudu is a IP’ -Brownian motion. Then, under Pn, the process

t
where V)" := / k(t,s)dZY and
0
tATH

tATh
2t =17 - /0 (pxu +p %)du =7 - /0 Audu,

for ¢t > 0, where Z" is a P,,-Brownian motion. Furthermore, by Assumption 1.3(ii),
we have

tAT,
P, (squ} > n) =P, (sup {y;” +/ k(t,u))\udu} > n) (A.2)
teT teT 0
N . tAT,
<P, <sup Y/ + sup {/ k(t,u))\udu} > n>
teT teT LUJo

<P, <supf/t” >n— KT) ;
teT

Inequality (A.2), in turn, implies P, (mh < T) < P, (T, < T) for 7, := inf{t >

0, Yt =n — Kr}. Finally, since Z"is a IP -Brownian motion, we obtain

lim Po(r <T) < lim P, (7, <T) = lim P (Squt >n— KT> =0,

d ~
and it follows that d% is indeed a true martingale and note that liTm P, = Q in

the sense that relation (1.6) holds between the P and Q Brownian motions.

Licence and Data Access statement. For the purpose of open access, the au-
thor(s) has applied a Creative Commons Attribution (CC BY) licence (where per-
mitted by UKRI, ‘Open Government Licence’ or ‘Creative Commons Attribution
No-derivatives (CC BY-ND) licence’ may be stated instead) to any Author Accepted
Manuscript version arising’
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The data underpinning this study were obtained from a combination of publicly

and commercially available sources:

o Ogxford-Man Institute of Quantitative Finance Realized Library: Available for
academic research use at https://realized. oxford-man.oz.ac.uk/ upon registra-
tion and agreement to the terms of use.

e Yahoo Finance: Market data were retrieved from hitps://finance.yahoo.com,
a publicly accessible platform, under their data usage terms.

e Bloomberg Terminal: Data sourced from Bloomberg are subject to licensing
restrictions and cannot be shared publicly. Access to Bloomberg data requires
an institutional subscription.

Some components of the dataset are restricted due to commercial licensing agree-

me

nts, and therefore cannot be made openly available. The decision to restrict access

is to comply with the contractual obligations agreed with commercial data providers.

Th

e present authors may be contacted for further information about the datasets

used here.
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