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Abstract. We prove that there are arbitrarily large equilateral sets of planar
and symmetric convex bodies in the Banach–Mazur distance. The order of the
size of these d-equilateral sets asymptotically matches the bounds of the size
of maximum-size d-separated sets (determined by Bronstein in 1978), showing
that our construction is essentially optimal.

1. Introduction

For two normed spaces X, Y of the same dimension n and over the same field K
(where K = R or K = C), a classical way of defining their distance originates from
the work of Banach and Mazur. The Banach–Mazur distance is defined as inf ∥T∥·
∥T−1∥, where infimum is taken over all linear and invertible operators T : X → Y
and the standard operator norm is considered. It is easy to check that the infimum
is attained by some operator T and this is indeed a (multiplicative) distance, when
considered on the set of all isometry classes of n-dimensional normed spaces. In
other words, dBM(X, Y ) = 1 if and only if X and Y are isometric. It is a classical
fact that when the set of isometry classes of n-dimensional normed spaces is
equipped with the Banach–Mazur distance, the resulting metric space is compact
and is therefore traditionally called the Banach–Mazur compactum. While the
Banach–Mazur distance can be considered also for the complex scalars, we shall
restrict our attention only to the real case.

A different way of looking at the Banach–Mazur distance in the real case is
provided by the language of symmetric convex bodies in Rn. For two origin-
symmetric convex bodies K,L ⊆ Rn we can define their Banach–Mazur dis-
tance as

dBM(K,L) = inf{r > 0 : K ⊆ T (L) ⊆ rK},
where the infimum is taken over all invertible linear operators T : Rn → Rn.
It is easy to check these two definitions agree, i.e. the equality dBM(X, Y ) =
dBM(BX , BY ) holds for any two real n-dimensional normed spaces X, Y and their
unit balls.

The Banach–Mazur distance has been widely studied for several decades by
many authors, in a variety of different contexts. For a systematic study of the
Banach–Mazur distance and its role in the geometry of Banach spaces, we refer the
reader to the classical monograph [25] on this subject. However, despite a large
body of research on this topic, many basic questions about the Banach–Mazur
compactum remain open. This is especially true for questions about exact values,
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as many of the known results were established only in the asymptotic setting.
One example among many, is provided by the natural problem of determining
the diameter of the Banach–Mazur compactum. By John’s Ellipsoid Theorem
[10], n is an upper bound on the diameter, and Gluskin [7] showed that this is
asymptotically optimal, i.e. there exists an absolute constant c > 0 such that
the diameter is bounded from below by cn. The only case where the diameter is
exactly known (excluding the trivial 1-dimensional case), is in the plane, where
the diameter is equal to 3

2
[22, 15]. In higher dimensions, the exact value of the

diameter is unknown.
Many challenges when working with the Banach–Mazur distance seem to be

caused by the fact that it can be surprisingly difficult to compute it, even for
concrete and familiar pairs of normed spaces such as the classical spaces ℓn1 and
ℓn∞ (for which the unit balls are the n-dimensional cross-polytope and the n-
dimensional cube respectively). Obviously dBM(ℓ21, ℓ

2
∞) = 1 and for a general

n it has been known for a long time that the distance is asymptotically of the
order

√
n. However, the precise value of the distance for n = 3 and n = 4 was

determined only recently (see [12]) and is equal to 9
5
and 2 respectively. The exact

value of the distance is not known in any higher dimension.
One classical way of evaluating the complexity of a given metric space X is

provided by the notion of the r-covering number N(X, r), which is the smallest
possible number of open balls of radius r > 0 that cover X. A closely related
concept is the r-packing number, which gives the maximum possible cardinality
of an r-separated set (i.e. a set in which every two elements are at distance at
least r). Obviously, the packing number and covering numbers are always finite
for any compact metric space (in particular for the Banach–Mazur compactum).
Moreover, it is easy to see that for a given r > 0, the r-packing number is at least
N(X, r) and not greater than N(X, r

2
). Hence, in practice it is usually enough to

estimate only one of the functions.
The covering number of the Banach–Mazur compactum was studied already in

the 1970s by Bronstein (see [3] and [4]), who proved that for a fixed dimension
n and the distance d = 1 + ε, with ε → 0+, the covering number of the n-
dimensional Banach–Mazur compactum has the order of exp(cε

1−n
2 ) (for some

constant c depending on n). This problem was later revisited by Pisier in [21],
who instead obtained asymptotics of the covering number, when the distance is
held fixed and dimension goes to infinity.

When one seeks to somehow capture the size of a given metric space X with
only a single number, rather than a function, one often considered parameter
is the equilateral dimension e(X) of X. A d-equilateral set in X is a set, in
which every two different points are at the distance exactly d and the equilateral
dimension e(X) is defined as the maximum cardinality of a d-equilateral set for
any possible d. For example, it is well known that e(ℓn2 ) = n + 1, e(ℓn∞) = 2n,
and e(X) ≤ 2n for any n-dimensional Banach space. Problems of estimating the
equilateral dimension of a given metric space has gained considerable attention
and often turn out to be very challenging, even in the much more specific context
of normed spaces. For example, it was conjectured by Kusner [8] that e(ℓn1 ) = 2n
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(with the obvious lower bound given by the vectors from the canonical unit basis
and its negatives), but this was confirmed only for n ≤ 4 (see [2] and [13]),
while the general weaker upper bound e(ℓn1 ) ≤ Cn log n was established in [1].
Perhaps the most famous open problem in this field was proposed by Petty in
[20], who conjectured that the inequality e(X) ≥ n + 1 holds for any normed
space X of dimension n. He proved it for n ≤ 3 and later Makeev [17] settled
the case of n = 4, while for n ≥ 5 the conjecture remains open. We note
that in the infinite-dimensional normed spaces, there are always arbitrarily large,
finite equilateral sets, but there might not exist an infinite one (see [24] or [14]).
However, every infinite dimensional uniformly smooth Banach space contains an
infinite equilateral set [6]. For a survey concerning equilateral sets in normed
spaces, the reader is referred to [23].

Even if the equilateral sets were studied mostly in the context of normed spaces,
they were considered for some other metric spaces as well. Some notable examples
include: elliptic geometry [16], Riemannian manifolds [19] and [5], Heisenberg
group [11] or the discrete hypercube with the Hamming distance [18]. Inter-
estingly, one of the major open problems in the Quantum Information Theory,
namely the Zauner conjecture about the existence of n2 equiangular lines in Cn,
which is often frequently stated in terms of the existence of a SIC-POVM (a sym-
metric, informationally complete, positive-operator valued measure), can be also
simply rephrased as e(CPn−1) = n2, where CPn−1 denotes the n-dimensional com-
plex projective space endowed with the Fubini-Study metric. It should be noted
that, when dealing with the equilateral sets in the normed spaces, the specific
distance d of a d-equilateral set plays no important role, due to the possibility of
rescaling. However, it has to be taken into the account in general metric spaces.

To the best of our knowledge, equilateral sets in the Banach–Mazur compactum
were not studied before. One notable 2-equilateral set with three elements can
be found in dimension n = 4, since it is known for a long time that dBM(ℓn2 , ℓ

n
1 ) =

dBM(ℓn2 , ℓ
n
∞) =

√
n for every n and, as we have already mentioned before, it was

established recently in [12] that also dBM(ℓ41, ℓ
4
∞) = 2. However, this seems to be

rather coincidental and it is not immediately apparent how one should approach
finding a 3-element equilateral set already in the planar case.

As noted before, it follows immediately from compactness that the Banach–
Mazur compactum does not posses any infinite equilateral set. Our main result
states that the planar Banach–Mazur compactum contains arbitrarily large, finite
equilateral sets. More specifically, we prove the following

Theorem 1. For every sufficiently large integer N there exists a dN -equilateral
set in the (symmetric) planar Banach–Mazur compactum with cardinality at least

CN , where dN = 1
cos π

4N
and C =

(
218

218−1

) 1
20

> 1.

We recall that by the previously mentioned result of Bronstein, the cardinality
of a (1+ε)-separated set in the planar Banach-compactum is bounded from above

by exp(cε−
1
2 ). Surprisingly, this turns out to match the order of our estimate for

the cardinality of an equilateral set. Indeed, if we write dN = 1 + εN , then
εN ∼ α

N2 for some constant α > 0 and therefore the constructed equilateral set
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has cardinality of the order C
√

ε−1
N . Hence, our construction is of the best possible

order. In other words, up to a constant inside the exp function, the maximum
cardinality of a dN -equilateral set is actually the same as of a dN -separated set.
This is a rather surprising property of the Banach–Mazur compactum, as there
are many examples of metric spaces where separated sets are much larger than
equilateral sets. For more details concerning the optimality of the result, see
Remark 5.

The proof of Theorem 1 is presented in Section 2. The main idea behind the
construction is as follows. We consider a regular polygon with a large number
of vertices inscribed in the Euclidean unit circle. The convex bodies contained
in the equilateral set will be defined as a certain combination of the circle with
the polygon, where between every two consecutive vertices we either choose the
the arc of the circle or the segment of the regular polygon. Thus, every such
convex body can be encoded by a binary sequence. We then impose certain
combinatorial conditions on the binary sequences, which forces the corresponding
convex bodies to already be in the optimal position, i.e. with the identity mapping
realizing the Banach–Mazur distance. To prove that this is indeed the case, we
carry out a detailed analysis of a general operator T based on its orthogonal
decomposition. We find an exponential number of binary sequences satisfying
the desired conditions with a simple probabilistic argument.

Throughout the paper, by ∥x∥ we will always denote the Euclidean norm of a
vector x ∈ R2.

2. Proof of the main result

Let N ≥ 1 be an integer. We will treat sequences a ∈ {0, 1}N circularly, i.e.
formally they are indexed by all integers, with the indices being periodic modulo
N (for any i ∈ Z we understand ai to be equal to ai mod N). By the term substring
we shall mean a sequence of consecutive positions contained in a given sequence
(substrings will also be considered circularly). By a random sequence from {0, 1}N
we shall mean a sequence with coordinates drawn independently and with equal
probability of drawing 0 or 1. We start with an easy lemma related to random
sequences. We note that such problems are well-studied and much more precise
results are known, but the simple estimate given below is sufficient for our needs.

Lemma 2. Let N ≥ k ≥ 1 be positive integers and let v ∈ {0, 1}k be a fixed
sequence. Then, the probability that a random sequence from {0, 1}N does not

contain v as a substring is at most c
⌊N

k ⌋
k , where ck = 1− 1

2k
.

Proof. Let N = km+r where m = ⌊N/k⌋, and consider m blocks of k consecutive
positions from 1 to km. If a random sequence a ∈ {0, 1}N does not contain v
as a substring, then in particular, on every such block a does not coincide with
v, which happens with the probability ck. Thus, the probability that no block

is equal to v is equal to cmk = c
⌊N

k ⌋
k . This is clearly an upper estimate for the

probability that v does not appear as a substring in a. □
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In the proof of Theorem 1, the constructed equilateral set will consist of convex
bodies encoded by binary sequences. Our goal is to impose certain conditions on
these sequences, which will force the corresponding convex bodies to already be
in optimal Banach–Mazur position, i.e. so that the identity mapping will be the
operator T realizing the infimum in the definition of the Banach–Mazur distance.

Let N be a (large) positive integer. Given two sequences a, b ∈ {0, 1}4N , we
will say that there are in balance, if for every k ∈ Z there exist integers

k + 1 ≤ i1 < i2 < i3 ≤ k +N − 1

such that ij+1 − ij ≥ 3 for 1 ≤ j ≤ 2 and

ai1−1 = ai1 = ai1+1 = 1, bi1−1 = bi1 = bi1+1 = 0,

ai2−1 = ai2 = ai2+1 = 0, bi2−1 = bi2 = bi2+1 = 1,

ai3−1 = ai3 = ai3+1 = 1, bi3−1 = bi3 = bi3+1 = 0,

and the same condition holds with a and b switched. For a sequence a ∈ {0, 1}4N
and an integer k, by a rotation by k of a we shall mean a sequence b ∈ {0, 1}4N
such that bi = ai+k for every 1 ≤ i ≤ 4N . By the reflection of a we shall mean
a sequence b ∈ {0, 1}4N such that bi = a1−i for every i. A sequence a ∈ {0, 1}n
will be called symmetric if the sequence is periodic modulo 2N , i.e. the equality
a2N+i = ai holds for every 1 ≤ i ≤ 4N .
A family of sequences S ⊆ {0, 1}4N will be called balanced if for any two

different sequences a, b ∈ S, the sequence a is in balance with every rotation of b
and also with every rotation of the reflection of b. Using a random construction,
it is not difficult to find an exponential number of binary sequences forming a
balanced family.

Lemma 3. For every sufficiently large integer N , there exists a balanced family of

symmetric sequences S ⊆ {0, 1}4N of cardinality ⌈CN⌉, where C =
(

218

218−1

) 1
20

> 1.

Proof. We will provide a stronger construction than formally required, with all
the desired positions considered being consecutive (i.e. ij+1 = ij+3 for 1 ≤ j ≤ 2).
For a sequence a ∈ {0, 1}2N , let ã ∈ {0, 1}4N be a symmetric sequence defined as
ã2N+i = ãi = ai for 1 ≤ i ≤ 2N . Let us draw a family F ⊆ {0, 1}2N of n random
sequences. We will establish an upper estimate of the probability that the family
S = {ã : a ∈ F} ⊆ {0, 1}4N is not balanced. We observe that, if a ∈ {0, 1}2N is
a random sequence, then any substring of ã of length N −1 is a random sequence
from {0, 1}N−1. Moreover, any rotation or a rotation of the reflection of a random
sequence is still a random sequence. There are in total 8N different rotations or
rotations of the reflection (i.e. mappings of the form (ai) → (a±i+k), n

2 pair of
sequences and 4N different possibilities of choosing a block of N − 1 consecutive
positions. Therefore, since the probability of a union is not greater than the sum
of probabilities, we see that the probability that S fails to be balanced is at most

8N · 4N · n2 · p = 32N2 · n2 · p,
where p ∈ (0, 1) is the probability that we can not find the desired positions for
two random sequences of length N−1. Equivalently, by making these two random
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sequences into one of length 2N − 2 (alternating their coordinates), p is equal
to the probability that a random sequence from {0, 1}2N−2 does not contain the

substring 101010010101101010. Thus, it follows from Lemma 2 that p ≤ c
⌊N−1

9 ⌋
18 ,

and we conclude that for any n satisfying the inequality

32N2 · n2 · c⌊
N−1

9 ⌋
18 < 1,

there exists a desired random family. Clearly we have(
c
−N

20
18 + 1

)2

= c
−N

10
18 + 2c

−N
20

18 + 1 <
c
−⌊N−1

9 ⌋
18

32N2

for all sufficiently large N . Thus, the inequality will be satisfied for n =
⌈
CN

⌉
,

where

C = c
− 1

20
18 =

(
218

218 − 1

) 1
20

and the conclusion follows. □

We need one more somewhat technical, but elementary, lemma.

Lemma 4. For any real number x ≥ 1 we have

2 arccos
1

x
≥ arccos

2x2

x4 + 1
.

Proof. Since x ≥ 1 we have 0 < 2 arccos 1
x

≤ π. This, together with the
fact that cos is decreasing on [0, π], gives that the inequality is equivalent to

cos
(
2 arccos 1

x

)
≤ 2x2

x4+1
. By the cosine double angle formula, this is equivalent

to 2
x2 − 1 ≤ 2x2

x4+1
for x ≥ 1. By subtracting 1 from both sides, this is in turn

rearranges to 2(x2−1)
x2 ≥ (x2−1)2

x4+1
. After canceling out the non-negative factor x2−1,

we arrive after some manipulation at the inequality x4 + x2 + 2 ≥ 0, which is
clearly true. □

Now we are ready to prove Theorem 1.

Proof of Theorem 1. Let B ⊆ R2 be the Euclidean unit disc with the center in 0
and let C4N ⊆ B be the regular 4N -gon inscribed in B with a fixed set of vertices
{x1, . . . , x4N} ⊆ bdB. For any sequence a ∈ {0, 1}4N we define Ka ⊆ R2 to be the
symmetric convex body which arises as a combination of the regular 4N -gon C4N
and the unit disc B, where 0 corresponds to choosing a side of the regular 4N -gon
and 1 to choosing an arc of the unit circle. More precisely, if ℓ is any ray with
endpoint 0 which is contained between rays xi and xi+1 for some 1 ≤ i ≤ 4N ,
then Ka ∩ ℓ = C4N ∩ ℓ when ai = 0, and Ka ∩ ℓ = B ∩ ℓ when ai = 1. In other
words, between two consecutive vertices xi and xi+1 the boundary of Ka can be
either the segment connecting these vertices or the arc of the unit disc connecting
them. We will say that in this region Ka is polygonal or circular respectively.
The set Ka is clearly convex and moreover, it is 0-symmetric when the sequence
a is symmetric. Furthermore, if the linear transformation U : R2 → R2 is a
rotation by the angle α = k π

2N
(where k is an integer), then U(Ka) = Kb, where
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x8 x7

x6

x5

x4

x3

x2

x1

x12

x11

x10

x9

0

w1

w3

dNw1

dNw3

Figure 1. An example of two convex bodies Ka (colored in blue)
and Kb (colored in red), which arise as certain combinations of the
regular 12-gon with the Euclidean unit disc. For the purpose of
clarity of the drawing, an illustration is shown for small N equal
to 3. In this case, the presented convex bodies are not in balance
according to our definition. Nevertheless, looking at the dashed ray
through w1 we see that r = dN is the smallest positive dilatation
factor such that Ka ⊆ rKb. The same holds true for the inclusion
Kb ⊆ rKa, as shown by the dotted line passing trough w3.

the sequence b ∈ {0, 1}4N is a rotation by k of the sequence a. Similarly, if
U : R2 → R2 is a reflection across a line passing through the midpoint of a
segment [x1x4N ], then U(Ka) = Kb, where b ∈ {0, 1}4N is the reflection of a (as
defined before).

Our goal is to prove that if S ⊆ {0, 1}4N is a balanced family of symmetric
sequences, then for every a, b ∈ S, a ̸= b we have dBM(Ka, Kb) = d2N , where
dN = 1

cos π
4N

is the inverse of the distance of the origin to the midpoints of C4N .
Then the desired conclusion will follow immediately from Lemma 3. Throughout
the proof, by wi ∈ R2 we shall denote the midpoint of the segment [xixi+1] (thus
∥wi∥ = d−1

N ). See Figure 2 for an illustration of the construction.
For any two convex bodies K,L ⊆ R2 let us consider the scaling factor r(K,L)

which is defined as the smallest dilatation factor r > 0 such that L ⊆ rK. We
need to prove that the inequality

r(Ka, T (Kb)) · r(T (Kb), Ka) ≥ d2N (2.1)

holds for any invertible linear transformation T : R2 → R2. By orthogonal
decomposition, the operator T can be written in the form T = PU , where P :
R2 → R2 is a positive definite linear operator and U : R2 → R2 is an orthogonal
operator. Our approach is to start with the most special case and make it more
general in each subsequent step, arriving finally at the case of a completely general
linear operator T . Therefore, we start our investigation with the case of T being
the identity mapping. In this situation, it is easy to observe that for any a, b ∈
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S, a ̸= b we clearly have r(Ka, Kb) = r(Kb, Ka) = dN (as in Figure 2). Indeed,
since the sequences a and b are in balance by the assumption, in particular there
exist integers i, j such that ai = 0, bi = 1 and aj = 1, bj = 0. Hence, in the
region between xi and xi+1 the convex body Ka is polygonal, while Kb is circular.
Thus, the midpoint wi of the segment [xixi+1] belongs to the boundary of Ka

and is of Euclidean norm 1
dN

, so it requires a scaling factor of at least dN to

cover the corresponding point of Kb (of the Euclidean norm 1). This shows that
r(Ka, Kb) ≥ dN . On the other hand, the opposite inequality is obvious as for any
point x ∈ bdKa or x ∈ bdKb we have 1

dN
≤ ∥x∥ ≤ 1, so that Kb ⊆ B ⊆ dNKa.

This shows that r(Ka, Kb) = dN and similarly we have r(Kb, Ka) = dN .
Let us now consider the case of T = U being an orthogonal transformation. It

will turn out that in this situation we still have r(Ka, U(Kb)) = r(U(Kb), Ka) =
dN . An orthogonal transformation U can be either a rotation or a reflection. Let
us start with assuming that U is a rotation by an angle α. We note that if α is
a multiple of π

2N
, i.e. α = kπ

2N
for k ∈ Z, then the previous reasoning can be still

applied, yielding that r(Ka, U(Kb)) = r(U(Kb), Ka) = dN . Indeed, in this case
U(Kb) = Kc, where c ∈ {0, 1}4N is a rotation of b by k and, by the assumption,
the sequence a is in balance not only with b but also with every rotation of b.
Now, let us suppose that U is a general rotation, so that α = k π

2N
+ β, where

β ∈
[
− π

4N
, π
4N

]
. Again, since a is in balance with a sequence c that is a rotation

of b by k, we can find integers i, j such that ai = 0, ci = 1 and aj = 1, cj = 0.

Moreover, we have U(Kb) = Ũ(Kc), where Ũ : R2 → R2 is a rotation by β. In
this case, for wj the midpoint of a segment [xjxj+1] we have wj ∈ bdKc and thus

Ũ(wj) ∈ bd Ũ(Kc) = bdU(Kb). Moreover ∥Ũ(wj)∥ = ∥wj∥ = d−1
N . However, the

ray starting in the origin and passing through Ũ(wj) (with an angle β to the ray
passing through wj), still intersects the arc connecting xj and xj+1, by the fact
that β ∈

[
− π

4N
, π
4N

]
. In this region, the convex body Ka is circular, so that a

scaling factor of dN is needed for Ũ(wj) ∈ bdU(Kb) to cover the corresponding

point dN Ũ(wj) ∈ bdKa (see Figure 2). This shows that r(U(Kb), Ka) ≥ dN and
the opposite inequality is again immediate, since U is an isometry.

To establish the inequality r(Ka, U(Kb)) ≥ dN we argue in a similar way,
observing that for wi (the midpoint of the segment [xixi+1]) the ray passing

through Ũ−1(wi) (angled to the ray passing through wi by −β) intersects the
arc [xixi+1], where the convex body Kc is circular, while Ka is polygonal. Thus,

to cover dNwi = Ũ(Ũ−1(dNwi) ∈ bd(Ũ(Kc)) = bd(U(Kb)) by a corresponding
point wi ∈ bdKa we need a scaling factor of dN . It follows that r(Ka, U(Kb)) =
r(U(Kb), Ka) = dN .

With essentially the same argument we can handle the case of U being a re-
flection. Clearly, any reflection can be written as a composition of a reflection in
the perpendicular bisector of the segment [x1x4N ] and an appropriate rotation.
However, the reflection of Kb in the perpendicular bisector of the segment [x1x4N ]

is equal to Kb̃, where b̃ ∈ {0, 1}4N is the reflection of the sequence b defined before
Lemma 3. Since, by the assumption, a is in balance also with every rotation of

b̃, the previous reasoning can be still applied.
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Kc

Ka

β

xj+1xj
wj

dNwj

0

Ũ(wj)

dN Ũ(wj)

Figure 2. In the region between xj and xj+1 the convex body Ka

is circular (colored in blue), while Kc is polygonal (colored in red).

Since β ∈
[
− π

4N
, π
4N

]
, the ray through Ũ(wj) is still in this region

and the ratio between points from bdKa and bdU(Kb) on this ray
is equal to dN .

Kc

Ka

β

xi+1xi wi

dNwi

0

Ũ−1(wi)

Ũ−1(dNwi)

Figure 3. In the region between xi and xi+1 the convex body Ka

is polygonal (colored in blue), while Kc is circular (colored in red).

Since β ∈
[
− π

4N
, π
4N

]
, the ray through Ũ−1(wi) is still in this region,

so that dNwi = Ũ(Ũ−1(dNwi) ∈ bdU(Kb) and the ratio between
points from bdU(Kb) and Ka on the ray through wi is equal to dN .

We move to the general case of T = PU , where P : R2 → R2 is a positive
definite linear operator and U : R2 → R2 is an orthogonal operator. Only here
the full strength of the conditions defining the relation of two sequences being
in balance comes into play. Let us suppose that for T = PU we get a smaller
Banach–Mazur distance, so that

r(Ka, PU(Kb)) · r(PU(Kb), Ka) < d2N . (2.2)

A positive definite transformation P has two eigenvectors u, v ∈ R2, which form
an orthonormal basis of R2, i.e. ∥u∥ = ∥v∥ = 1 and ⟨u, v⟩ = 0. Let A ≥ B be
the corresponding positive eigenvalues of P . Since any rescaling of the operator
T yields the same bound on the Banach–Mazur distance, we can further suppose
that B = 1. If A = 1, then P is the identity and the situation reduces to the case
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of T = U being an orthogonal transformation, which has already been settled.
Let us thus suppose that A > 1. We shall first obtain an upper bound on A using
(2.2).

Obviously for any x ∈ bdKa or x ∈ bdU(Kb) we have 1
dN

≤ ∥x∥ ≤ 1. As

∥P (u)∥ = A∥u∥ = A, we get that r(Ka, PU(Kb)) ≥ A
dN

. On the other hand, as

∥P (v)∥ = ∥v∥ = 1, we have r(PU(Kb), Ka) ≥ 1
dN

. Therefore by (2.2) we get

d2N > r(Ka, PU(Kb)) · r(PU(Kb), Ka) ≥
A

d2N
,

which yields A < d4N .
Using this upper bound on A we shall now estimate how much the operator

P can vary the direction of a given line through the origin. In other words, we

are interested in the maximum of arccos ⟨x,P (x)⟩
∥P (x)∥ , where x ∈ R2 is a unit vector.

We claim that this maximum is not larger than π
2N

. Indeed, we note first that if
x = x1u+ x2v, then ⟨x, P (x)⟩ = Ax2

1 + x2
2 is positive. Moreover, we have

⟨x, P (x)⟩
∥P (x)∥

=
Ax2

1 + x2
2√

A2x2
1 + x2

2

=
(A− 1)x2

1 + 1√
(A2 − 1)x2

1 + 1
.

The function f : [−1, 1] → R defined as

f(t) =
(A− 1)t2 + 1√
(A2 − 1)t2 + 1

has derivative equal to

f ′(t) =
(A− 1)2t((A+ 1)t2 − 1)√

((A2 − 1)t2 + 1)3
,

so that a minimum of f on [−1, 1] occurs at t = ± 1√
A+1

and is equal to 2
√
A

A+1
. As

this is increasing in A, we can use the bound A < d4N to obtain

arccos
⟨x, P (x)⟩
∥P (x)∥

≤ arccos
2d2N

d4N + 1

for any unit vector x ∈ R2. Moreover, since dN = cos π
4N

−1 we have π
2N

=

2arccos 1
dN

. Using the bound above combined with Lemma 4 we get

arccos
⟨x, P (x)⟩
∥P (x)∥

≤ arccos
2d2N

d4N + 1
≤ 2 arccos

1

dN
=

π

2N
.

In this way we have proved that any ray through the origin is rotated by P by an
angle not greater than π

2N
. This is crucial, since our construction is carried out

on arcs exactly of this measure. Hence, if a ray ℓ through the origin is contained
between rays xi and xi+1 for some integer i, then the image P (ℓ) is contained
between the rays xi−1 and xi+2.

This is why there are blocks of three consecutive positions in the definition of
sequences being in balance.

As before, the operator U is a rotation by angle α = k π
2N

+ β, where β ∈[
− π

4N
, π
4N

]
, composed possibly with a reflection in the perpendicular bisector of
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the segment [x1x4N ]. Let c ∈ {0, 1}4N be the corresponding sequence that is
either a rotation by k of b or a rotation of the reflection of b if U involves the
reflection. Let integer 1 ≤ j ≤ 4N be such that u lies between xj and xj+1

on the unit circle. Since the vectors u and v are perpendicular, v lies between
xj+N and xj+N+1 or between xj−N and xj−N+1. Let indices i1, i2, i3 ∈ I be as in
the definition of being in balance for a and c, where a set I consisting of N − 1
consecutive integers is equal to {j+1, j+2, . . . , j+N−2} in the first case (when
v lies between xj+N and xj+N+1) or to {j − N + 1, j − N + 2, . . . , j − 1} in the
second case (when v lies between xj−N and xj−N+1).

From (2.2) it follows that r(Ka, PU(Kb)) < dN or r(PU(Kb), Ka) < dN . First
we will prove that the former inequality can not hold. By the assumption, the
boundary of convex body Kc contains a whole arc of the unit circle between
the points xi2−1, xi2+2, while the boundary of the convex body Ka is a union of
three segments: [xi2−1xi2 ], [xi2xi2+1] and [xi2+1xi2+2]. Therefore wi2 ∈ bdKa and
obviously ∥wi2∥ = d−1

N . Let ℓ be the ray through wi2 starting at the origin and let
ℓ1 be the ray starting in the origin such that P (ℓ1) = ℓ. Because we have shown
that P rotates every line by no more than π

2N
, it follows that the angle between

ℓ1 and ℓ is not greater than π
2N

. Now let Ũ : R2 → R2 be the rotation by β and

let ℓ2 be the ray with an angle to ℓ1 equal to −β, i.e. Ũ(ℓ2) = ℓ1. The angle
between ℓ and ℓ2 does not exceed |β|+ π

2N
≤ 3π

4N
. In particular, it follows that the

ray ℓ2 is contained between the rays passing through xi2−1 and xi2+2. We recall
that in this region the boundary of Kc is circular. Thus, let y ∈ bdKc ∩ ℓ2 be

a unit vector. Then by construction, z = P (Ũ(y)) ∈ bdP (U(Kb)) ∩ ℓ, and since

Ũ is an isometry and P never decreases the Euclidean norm of a given vector, it
follows that

∥z∥ = ∥P (Ũ(y))∥ ≥ ∥Ũ(y)∥ = ∥y∥ = 1. (2.3)

Hence, on the ray ℓ the ratio between points of the boundaries of P (U(Kb)) and

Ka is equal to ∥z∥
∥wi2

∥ ≥ dN . This proves that r(Ka, PU(Kb)) ≥ dN .

We conclude that we must have r(PU(Kb), Ka) < dN . Let us thus assume that
r(PU(Kb), Ka) = s · dN , where s ∈ (0, 1). Arguing similarly to in the previous
step, we shall prove that in this case we actually have r(Ka, PU(Kb)) ≥ dN

s
, which

will clearly contradict the inequality (2.2).

Reasoning as in the previous step, we see that the image P (Ũ(wi1)) of the mid-
point wi1 of the segment [xixi+1] is in the region between xi1−1 and xi1+1. By the
construction, in this region the convex body Ka is circular, while Kc is polygonal.

Thus, the equality r(PU(Kb), Ka) = s · dN implies now that ∥P (Ũ(wi1))∥ ≥ 1
s·dN

,

or equivalently
∥P (Ũ(wi1

))∥
∥Ũ(wi1

)∥
≥ 1

s
. Similarly we have

∥P (Ũ(wi3
))∥

∥Ũ(wi3
)∥

≥ 1
s
.

Let us recall that we assumed that u lies between xj and xj+1 and v lies between
xj+N and xj+N+1 or v lies between xj−N and xj−N+1. In either case, we see that,
by the definition of the set of indices I and the fact that β ∈

[
− π

4N
, π
4N

]
, all

three rays Ũ(wi1), Ũ(wi2), Ũ(wi3) are contained between the perpendicular rays
of u and v. However, for a unit vector x ∈ R2, the maximum of ∥P (x)∥ is clearly
equal to A and it is attained only for x = ±u. Similarly, the minimum of ∥P (x)∥
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Kc

Ka

β

ℓ ℓ1
ℓ2

xi2+2

xi2+1xi2

xi2−1

0

wi2
Ũ(y)

y

z = P (Ũ(y))

Figure 4. In the region between xi2−1 and xi2+2 the convex body
Ka is polygonal (colored in blue), while Kc is circular (colored in
red). Since the operator P does not change the direction of any
line by more than π

2N
, and β ∈

[
− π

4N
, π
4N

]
, the ray ℓ2 intersecting

the unit circle in y is still in the region between xi2−1 and xi2+2. It

follows that z = P (Ũ(y)) is a boundary point of P (U(Kb)), so that
the ratio between points from bdP (U(Kb)) and Ka on the ray ℓ is
at least dN .

is equal to 1 and is attained for x = ±v. Furthermore, it is easy to see that on
the shorter arc between u and v the function x → ∥P (x)∥ is decreasing. Hence,

since the inequality ∥P (x)∥
∥x∥ ≥ 1

s
holds for x = Ũ(wi1) and x = Ũ(wi3) it has to

hold for every x lying on a ray between the rays of wi1 and wi3 . In particular,
coming back to the notation of the previous step, this inequality is satisfied for

the vector Ũ(y) lying on the ray ℓ1, as it is contained in the region between xi2−1

and xi2+1. If we now repeat the previous step, but this time estimating as in (2.3)

with the improved inequality for ∥P (Ũ(y))∥, we obtain

∥z∥ = ∥P (Ũ(y))∥ ≥ 1

s
· ∥Ũ(y)∥ =

1

s
· ∥y∥ =

1

s
.

It follows that on the ray ℓ the ratio between points of the boundaries of P (U(Kb))

and Ka is equal to ∥z∥
∥wi2

∥ ≥ dN
s
. This proves that r(Ka, PU(Kb)) ≥ dN

s
and

ultimately the inequality (2.2) does not hold. This concludes the proof. □

In the remark below, we discuss in more detail the optimal order of the con-
struction.

Remark 5. As mentioned in the introduction, Bronstein in [4] has proved that
the maximum cardinality of a (1+ε)-separated set in the n-dimensional Banach–

Mazur compactum is of the order exp(cε
1−n
2 ), which for n = 2 matches our

estimate for the cardinality of an equilateral set and shows that our construction
is essentially optimal. However, the paper [4] does not seem to be easily acces-
sible. For the sake of completeness, we shall shortly explain optimality of the
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construction, based on an earlier paper of Bronstein [3], which is easily found
on-line.

Specifically, we will refer to Theorem 3 from that paper, which states that

for every sufficiently small ε > 0 there exists an ε-net of the cardinality Cε
1−n
2

(where C > 1 is a constant depending on n) for the space of convex, closed sets
of the n-dimensional Euclidean unit ball Bn, when equipped with the Hausdorff
distance dH . In particular, this cardinality is an upper bound for a cardinality of
2ε-separated set in this space. To transfer this to the setting of the Banach–Mazur
distance, let us suppose that symmetric convex bodies C1, . . . , CN ∈ Rn form a
(1+ε)-separated set in the dBM metric. By the John’s Ellipsoid Theorem, we can
suppose, after applying a suitable linear transformation, that 1√

n
Bn ⊆ Ci ⊆ Bn

for every 1 ≤ i ≤ N . We note that in this case for any 1 ≤ i < j ≤ N we have

Ci ⊆ Cj + dH(Ci, Cj)Bn ⊆ Cj +
√
ndH(Ci, Cj)Cj = (1 +

√
ndH(Ci, Cj))Cj

and since a similar inequality holds for i, j swapped we deduce that

1 + ε ≤ dBM(Ci, Cj) ≤
(
1 +

√
ndH(Ci, Cj)

)2
.

Hence

dH(Ci, Cj) ≥
√
1 + ε− 1√

n
≥ αε,

for some constant α > 0. Thus, convex bodies Ci form an (αε)-separated set also

in the Hausdorff distance and in conclusion it follows that N ≤ Cε
1−n
2

0 for some
constant C0 (depending on n).

For n = 2, we thus obtain that the maximum cardinalities of dN -equilateral and

dN -separated sets are both between exp

(
c1

√
ε−1
N

)
and exp

(
c2

√
ε−1
N

)
(where

dN = 1 + εN) for some constants c2 > c1 > 0. However, it should be noted that
our construction is most likely not optimal in the sense that it works only for a
discrete set of distances dN . In other words, nothing can be deduced from our
result about d-equilateral sets for d ̸= dN .

3. Concluding remarks

It is not clear if our construction can be generalized to higher dimensions. The
regular polygon, lying in the core of our construction, has some exceptionally
good properties with no clear analogue in any of the other dimensions. Its vertices
form a good ε-net for the circle, but additionally it also has many automorphisms,
which allows us to closely approximate any linear transformation with one that
fixes the polygon. Nevertheless, most likely the n-dimensional Banach–Mazur
compactum contains arbitrarily large equilateral sets for any dimension n ≥ 2.
It is also quite possible, that similarly as in Theorem 1, the equilateral sets are
roughly as large as the separated sets of the same distance.

There are many other questions that could be asked, even in the planar setting.
For example, could our construction be improved to work not only for a discrete
set of distances but for all distances in the interval (1, c] for some constant c >
1? Furthermore, taking into the account the fact that the maximum size of
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an equilateral set matches the maximum size of a separated set in the planar
Banach–Mazur compactum, one may expect that the Banach–Mazur compactum
could possibly have some kind of a universality property for finite metric spaces.
That is, that the Banach–Mazur compactum may actually contain all finite metric
spaces, assuming that the distances are allowed to be scaled close to 1.
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