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ABSTRACT. Lehel conjectured in the 1970s that every red and blue edge-coloured complete
graph can be partitioned into two monochromatic cycles. This was confirmed in 2010 by Bessy
and Thomassé. However, the host graph G does not have to be complete. It it suffices to require
that G has minimum degree at least 3n/4, where n is the order of G, as was shown recently by
Letzter, confirming a conjecture of Balogh, Barat, Gerbner, Gyarfds and Sarkozy. This degree
condition is asymptotically tight.

Here we continue this line of research, by proving that for every red and blue edge-colouring
of an n-vertex graph of minimum degree at least 2n/3 + o(n), there is a partition of the vertex
set into three monochromatic cycles. This approximately verifies a conjecture of Pokrovskiy
and is essentially tight.

1. INTRODUCTION

Influentially, Lehel conjectured that every colouring of the edges of the complete graph K,
with two colours admits two monochromatic cycles of distinct colours whose vertex sets parti-
tion V(K,). Here, an edge, a single vertex, and the empty set each count as a cycle. Luczak,
Rodl and Szemerédi [31] confirmed this conjecture for sufficiently large n after preliminary work of
Gyérfds [13]. Their result was improved by the first author [1], and finally, Bessy and Thomassé [6]
resolved the conjecture for all n.

Since the early 1990s the field of cycle partitioning has evolved in many directions. One natural
question extensively studied is to what extend Lehel’s conjecture generalizes to more than two
colours. Here, a landmark result is due to Erdds, Gyérfas and Pyber [11], who showed that any
r-edge-coloured complete graph K,, admits a partition into 2572 logr monochromatic cycles and
conjectured that r cycles suffice. The upper bound was later improved to 1007 logr by Gyarfas,
Ruszinkd, Sarkozy and Szemerédi [15] for large n. Pokrovskiy [33] disproved the conjecture of
Erdés, Gyarfas and Pyber by providing an r-edge-colouring of K, that needs r+ 1 cycles for every
r > 3 and infinitely many n. So far, it is far from clear what is the best possible number of cycles,
even for small r, showing that this problem is difficult.

Other variants of the problem that received much attention in the past decade include the
appearance of subgraphs other than cycles, the use of colourings with an unbounded number of
colours (but local restrictions on the colourings), and analogues for hypergraphs, to highlight just
a few. We refer the reader to the recent survey of Gyérfds [14] and the references therein for
more detail. Another important direction, which is the variant we are most interested in here,
concerns the replacement the complete graph K, by a non-complete host graph. This has been
investigated for almost complete graphs [29], complete bipartite graphs [16, 26, 27], graphs with
fixed independence number [36], infinite graphs [10, 35] and random graphs [22, 24] among others.
We are interested in the problem for graphs of large minimum degree.

The study of minimum degree conditions for spanning substructures has a long tradition in
extremal graph theory (see for example the survey [23] for an overview), and so it is natural to seek
a variant of Lehel’s conjecture for host graphs of large minimum degree. Balogh, Barat, Gerbner,
Gyérfas and Sarkozy [4] conjectured the following: For any 2-edge-colouring of the edges of any
n-vertex graph G of minimum degree 3n/4, there are two distinctly coloured monochromatic cycles
which together partition the vertices of G. Examples show that this would be tight. In support of
their conjecture, they proved an approximate version in which G has minimum degree 3n/4+ o(n)
and the cycles are allowed to miss o(n) vertices. DeBiasio and Nelsen [9] showed that under this
(stronger) degree condition a complete partition is possible. Finally, Letzter [28] resolved the full
conjecture for all sufficiently large n.

The research leading to these results was partly supported by the DFG grant 450397222 (R. Lang) and also by
Fondecyt Regular Grant 1183080, CONICYT + PIA/Apoyo Basal, Cédigo AFB170001 (M. Stein).
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m+ 2

FIGURE 1. A graph on 3m + 6 vertices, consisting of three vertex disjoint cliques
K, K’ and K" and two additional vertices a and b. Here, K and K’ have m + 2
vertices each, all edges of K are coloured red and all edges of K’ are coloured
blue. The third clique K" is of size m and its edges can be coloured either red or
blue. Further, all edges between K and K" are present and coloured blue and all
edges between K’ and K" are present and coloured red. The vertex a has blue
edges to K U K" and the vertex b has red edges to K/ U K.

Motivated by these advances, Pokrovskiy [34] conjectured that analogous results are true for
graphs of lower minimum degree. In particular, he conjectured that any 2-edge-coloured graph
of minimum degree 2n/3 can be partitioned into 3 monochromatic cycles. The construction
in Figure 1 shows that this bound is essentially tight. Our main result confirms Pokrovskiy’s
conjecture approximately.

Theorem 1.1. For any > 0, there is ng such that for any colouring with two colours of the
edges of any graph G on n > ng vertices and minimum degree at least (2/3 + B)n, there is a
partition of V(G) into three monochromatic cycles.

The proof of this theorem is partly based on tried and tested techniques such as graph regularity,
the use of matchings, and absorption, but also draws from several new ideas which could prove
useful for future research in this area. For an outline of our approach, see Section 2.
Organization. The remainder of this paper is organized as follows. In the next section we outline
our proof method. In Section 3 we then introduce some notation and concepts related to the
regularity method. In Section 4 we present the proof of Theorem 1.1 alongside the main lemmas
needed for this proof. Sections 5, 6, 7 and 8 are dedicated to the Lemmas concerning finding the
components, distributing the exceptional vertices and solving the cases of extremal colourings,
respectively. Finally, we offer some open problems and conjectures in Section 9.

2. PROOF OUTLINE

In this section we shall briefly outline our proof, which was inspired by a method developed
by Garbe, Lang, Lo, Mycroft and Sanhueza-Matamala [12] to solve cycle partitioning problems in
hypergraphs.

Suppose that G is an n-vertex graph of minimum degree at least 2n/3 + o(n) and that each
of its edges is coloured red or blue. We start by applying the regularity lemma (Lemma 3.8)
to obtain a regular partition and the corresponding reduced graph G. Roughly speaking, our
strategy is to distinguish the case that G is close to an extremal configuration, which can be
solved with arguments tailored to this particular structure (see Lemma 4.4), or we can find three
monochromatic components C7, Cy, C3 in G whose union C has the following property (see
Lemma 4.2). Every stable set S in C has linearly many more neighbours in G than |S| (see
Definition 3.3). From the LP duality of maximum fractional matchings and minimum vertex
covers we obtain that C' admits a perfect 2-matching in a robust way, where a perfect 2-matching
is a spanning union of vertex disjoint edges and cycles (see Theorem 3.2 and the discussion
preceding it).

As is canonical, we then connect the clusters of the components in the perfect 2-matching by
short monochromatic paths (see Lemma 3.9), which we can further require to contain certain
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exceptional vertices (see Lemma 4.6). Creating these paths will create some imbalances between
the clusters of the matching edges, which we correct by solving a weighted matching problem in
an auxiliary graph and using the robustness of the perfect 2-matching (see Lemma 4.7). To finish
the proof, we apply the blow-up lemma (Lemma 3.10) to find monochromatic spanning paths in
each of the components of the perfect 2-matching. Together with the short paths constructed
earlier this yields the desired cycle partition.

We remark that our approach has the advantage that it avoids a number of technicalities from
earlier approaches, and allows us to isolate the main steps (finding the components, distributing
exceptional vertices and solving extremal configurations) cleanly in separate lemmas.

3. PRELIMINARIES

In this section we introduce some notation and tools, which we will need for the proof of
Theorem 1.1.

3.1. Notation. We let [n] denote the set {1,2,...,n}. Let G = (V, E) be a graph. The order of
G is |[V(G)| and the size of G is |E(G)|. We denote the neighbourhood of a vertex v by Ng(v)
and write Ng(v, W) = Ng(v) N W for a set of vertices W C V(G). We denote the degree of v
by deg(v) = |Ng(v)| and set degq (v, W) = |[Ng(v) N W|. For a set of vertices S C G we write
Ng(S) = U,eg N(s). If it is clear from the context, we often drop the index G. We write G[W]
for the subgraph of G induced by the vertices in W and for a set U disjoint from W we write
G[W, U] for the bipartite subgraph of G containing all edges in E(G) with one end in U and one
in W. For another graph H we denote by G U H the graph on vertex set V(G) UV (H) and edge
set F(G) U E(H). We write H C G if H is a subgraph of G. A stable set in G is a set of vertices
S C V(G) such that there are no edges with both endpoints in S. For vertices v and w, a v, w-path
(walk) is a path (walk) that starts in v and ends in w. Similarly, for vertex sets W and W', a
W, W'-path (walk) is a path (walk) that starts in W and ends in W’.

Suppose that G is a graph whose edges are coloured with red and blue. We denote by Gieq
(Gplue) the subgraph on V(G) that contains the red (blue) edges. For a vertex v of G we also
write Nred(v)v Nblue(v)’ degrcd(v)v degbluc(v) for NGred (’U), NGblue (U)a degGred (U)7 degGl)lue (U) for
the neighbourhood/degree of v in the respective colour. We will say that w € Nyea(v) is a
red neighbour of v and likewise for colour blue. A red (blue) component of G is a component
of Gred (Gplue). In particular a vertex v with deg,.4(v) = 0 is in a red component of order 1. For
convenience of notation, we also count the empty graph as a component.

In our coloured graphs we do occasionally allow parallel edges (more precisely, this is the case
for our so-called reduced graphs) — however, there will always be at most one red edge and at
most one blue edge between any pair of vertices. For such a multi-graph G we denote by 6(G) the
minimum degree of the underlying simple graph, and by deg (u) the degree of u in the underlying
simple graph.

3.2. Perfect 2-matchings. We make use of the concept of a 2-matching in a graph G.

Definition 3.1 (Perfect 2-matching). A perfect 2-matching of a graph G is a spanning subgraph
of G which is the disjoint union of cycles and single edges.

The next theorem is a convenient analogue of Tutte’s classical characterization of perfect match-
ings for 2-matchings. It follows easily from the fact that maximum fractional matching and
minimum vertex cover are LP dual problems both of which have optimal solutions which are
half-integral, and the LP-duality theorem. For a proof of this result see, e.g., [37, Corollary 30.1a].

Theorem 3.2 (Tutte’s Theorem for 2-matchings). A graph G has a perfect 2-matching if and
only if every stable set S C V(G) satisfies [N(S)| > |S].

In order to apply this in our proof, we will need a more robust version of the condition |N(S)| >
|S]. This motivates the following definition.

Definition 3.3 (y-robust Tutte). We say that a graph G on n vertices is y-robust Tutte if for
every non-empty stable subset S of V(G) we have [N(S)| > |S| + yn.

3.3. Hamiltonicity. A Hamilton cycle (Hamilton path) in a graph G is a cycle (path) that covers
all the vertices of G. Chvatal’s theorem provides a degree sequence criterium for the existence of
Hamilton cycles.
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Theorem 3.4 (Chvéatal [7]). Let G be a graph with vertex degree sequence dy < --- < d,,. If for
every 1 <i < n/2 we have d; > i+ 1 or d,—; > n—1i, then G has a Hamilton cycle.

As a corollary we get the following version for balanced bipartite graphs, which we shall use in
our proof.

Corollary 3.5 (Bipartite Chvatal). Let H be a bipartite graph with bipartition classes X and Y,
each of sizen. Let X have vertex degree sequence v1 < --- < x,, and Y have vertex degree sequence
y1 < - <y If for every i € [n—1] we have x; > i+1 ory,—; > n—i+1, then H is Hamiltonian.

Proof. Obtain H' from H by adding edges between vertices of Y until H'[Y] is complete. So
every vertex in Y gains n — 1 new neighbours. Let di,...,ds, be the degree sequence of H'. By
assumption we have either x,_1 > n or y; > 2. In either case, y; > 2 for all ¢ € [n]. Hence,
for each i € [n] we have d; = x; and dap—i+1 = Yn—iy1 +n — 1. It follows that d; > i+ 1 or
dan—i > 2n — i for i € [n — 1]. By Theorem 3.4, H' has a Hamilton cycle C, which, as |X| = Y],
has no edges within Y. Thus C' is a Hamilton cycle of H. O

This also implies the following result on Hamilton paths.

Corollary 3.6. Let H be a bipartite graph with bipartition classes X1, Xo, each of size n. If for
each i € {1,2}, and for each u € X; we have degy (u,X3_;) > in+1, then for any w € X,
w' € Xy there is a Hamilton w,w’-path in H.

Proof. Obtain the graph H’ from H by adding a new vertex v to X7, a new vertex v’ to X,
and the edges wv’,v'v,vw’. It is easy to verify that the conditions of Corollary 3.5 are satisfied,
which gives a Hamilton cycle in H’'. As this cycle clearly uses the edges wv', v'v, vw’ it contains
Hamilton w, w’-path in H. O

We use Corollary 3.6 to obtain Hamilton paths in the following somewhat specialized setting,
which appears in the analysis of our extremal cases.

Lemma 3.7. Let 0 < u <1, n > 100p~t, and let H be an n-vertex graph on V(H) = AUB with
A’ C A, |B| <|A| <|B|+ un and |A'| < pn, such that
(i) for each v € A we have degy (v, B) > (5 + 3u)n,
(ii) for each v € B we have degy (v, A) > (3 + 3u)n, and
(iii) for each v e A\ A" we have degy (v, A) > 3un.
Let u,u’ € V(H)\ A" be distinct vertices such that if both u,u’ € A\ A" then |A| > |B|+ 1. Then
there exists a Hamilton u, v’ -path in H.

Proof. We start paths P in uw and P’ in v’. If u,u € B, we extend P by adding an edge from u
to an arbitrary neighbour in A\ A’. Similarly, if u,u’ € A\ A’, we extend P’ by adding an edge
from «’ to an arbitrary neighbour in B. Finally, if |[AN{u,v'}| = |[BN{u,u'}| = 1, then we assume
without loss of generality that u € A and «' € B and do not perform any extensions.

Observe that after this first step, we have |[A\ V(P U P’)| > |B\ V(P U P’)|, because of the
assumption in the last sentence of Lemma 3.7. We then greedily extend the path P inside the set
A\ A" until we have |[A\ V(P UP’)| = |B\ V(P U P')|, which is possible because |A’| < un and
for v e A\ A" we have degy (v, A) > 3un. Since |A| < |B| + un, we now have V(P) < un + 1.

Remove from A and B all vertices from the paths P and P’ except their endvertices w and w’,
thus obtaining sets A* and B*. Note that n* := |A*| = |B*| < (1 + p)n. We apply Corollary 3.6
to the bipartite graph H* between A* and B* (it is not difficult to see that the degree conditions
are satisfied), in order to find a Hamiltonian path P” in H* connecting w and w’. We finally
connect P’, P"” and P’ to form the desired Hamilton u,u/-path in H. O

3.4. Regularity. Given a graph G and disjoint vertex sets U, W C V(G) we denote the number
of edges between U and W by e(U, W) and the density of (U, W) by d(U, W) = e(V,W)/(|U||W|).
The pair (U, W) is called e-regular in G if, for all subsets X C U, Y C W with |X| > ¢|U| and
[Y'| > e|W/|, we have |d(U,W)—d(X,Y)| < e. We say that (U, W) is (¢, d)-regular if it is e-regular
and has density at least d. We say that a vertex u € U has typical degree in a regular pair (U, W)
if deg(u, W) > (d(U,W) — ¢)|W|. It follows directly from the definition of e-regularity that if
(U, W) is e-regular, then

(3.1) all but at most e|U| vertices in U have typical degree in (U, W).
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Another straightforward consequence of the definition of e-regularity concerns large subpairs of
regular pairs: If (U, W) is an (e, d)-regular pair and U’ C U, W' C W are of size [U’| > |U],
[W’| > 3|W|, then

(3.2) (U',W') is a (2¢,d/2)-regular pair.

Szemerédi’s regularity lemma allows us to partition the vertex set of a graph into clusters of
vertices such that most pairs of clusters are regular [38]. We will use the regularity lemma in its
degree form and with 2 colours (see [20]). For a coloured graph G, a colour x and two disjoint
vertex sets U, W of G we write (U, W), for the bipartite subgraph of G[U, W] containing all edges
of colour Y.

Lemma 3.8 (Regularity lemma). For each ¢ > 0 and mo € N there is M = M (e, mg) such
that for any 2-edge colouring of any n-vertex graph G, and for each d > 0 there is a partition
Vo, Vi, ..., Vi of V(G) and a subgraph G' of G with vertex set V(G') \ Vi such that:

(a) mo<m< M,
(b) Vol <en and |Vi| = ... = |Vin| < [en],
(c) dege(v) > degn(v) — (2d + €)n for each v € V(G) \ Vo,
(d) G'[V;] has no edges for i € [m],
)

(e) for all pairs (V;,V;) and each colour x the pair (V;,V})y is e-regular in G’ and has density
etther 0 or at least d.

Let G be a red and blue edge coloured graph with a partition Vj,...,V,, obtained from
Lemma 3.8 with parameters €, mg and d. We then also call the family V = {V;,...,V;,} an
(e, d)-regular partition of G with exceptional set V. We define the (coloured) (g, d)-reduced multi-
graph G corresponding to this partition to be the multi-graph graph with vertex set V(G) = [m)]
in which two vertices ¢ and j are connected by a red (or blue) edge, if (V;, V) is an e-regular pair
of density at least d in red (blue, respectively). Note that it is possible that some ¢ and j are
connected by both a red and a blue edge.

It is easy to show that G inherits the minimum degree of G. More precisely, if G has minimum
degree cn, it follows that

(3.3) 3(G) > (c—2d — &)m.

Further, for a graph G, vertex disjoint sets V1, ...,V of V(G) and a graph H on vertex set [{],
we say that G is (e, d)-regular on H if (V;,V;) is (g, d)-regular whenever ij € E(H).

The next lemma allows us to connect clusters by short paths provided their counterparts in the
reduced graph lie in the same component. Though the lemma as stated here does not explicitly
appear in previous work, this technique is standard, and the lemma is straightforward to prove.
Given a family of sets V = {V1,...,V;}, we say that a set W (or a graph D with V(D) = W) is
d-sparse in V if [W NV;| < 6|V;] for each i € [t].

Lemma 3.9 (Connection lemma). Let ,d > 0 and let m,{,n € N such that 10e < d < % and
me'Z < n. Let G be a graph on n vertices, let Vo C V(G) with |Vo| < en, let V = {V1,...,Vn}
be an equipartition of V(G)\ Vo, and let G be a graph on [m] so that G is (e,d)-regular on G. Let
W = (wi,...,we) be a walk of order £ in G. Let X CV,,,, Y CV,, be subsets of size d|V1|/2. Let
S CV(G) be (d/4)-sparse in V. Then there is an X,Y -path P C G — S of order (.

Finally, the blow-up lemma allows us to find almost spanning cycles or paths in certain regular
partitions. A pair (U, W) is (e, d)-super-reqular if it is (e,d)-regular and, in addition, for all
vertices u € U,w € W, we have deg(u, W) > d|U| and deg(w,U) > d|W|. The following version
of the blow-up lemma can be found in [2, Lemma 7.1]. Note that we only require the special
case A(G") < 2 here. We remark that one could replace our use of Lemma 3.10 with a use of
the original blow-up lemma of Komlés, Sarkozy and Szemerédi [19] and some additional technical
work.

Lemma 3.10 (Blow-up lemma). For all A > 2, a,(,d > 0, k > 1 there exist £,p > 0 such that
for all M the following holds for all sufficiently large n.

Let G be a graph on [m] with m < M and let G' be a spanning subgraph of G with A(G') <
2. Let H, G be graphs whose vertex sets are partitioned into sets Xy,..., X, and Vi,..., Vi,

respectively, such that | X;| = |Vi| > & and | X;| < k|X| for each i,j € [m]. Let X; C X, satisfy

Km

| X;| > a|X;| for each i € [m)], and let I, C V; for each i € [m] and z € X;. Suppose that
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FIGURE 2. The extremal colourings: The configuration given in Definition 4.1(a)
is depicted on the left and the one in Definition 4.1(b) on the right.

(B1) A(H) <A, all edges of H lie on pairs X; X; with ij € G, and for each i € [m], all edges of
H incident with X; U N(X;) lie on pairs X; X with jj’ € G',

(B2) G is (e,d)-reqular on G, and for eachij € E(G') the pair (V;, V) is (e, d)-super-regular, and

(B3) foreachi € [m] and x € X; we have |I;| > (| X;| and there are at most p|X;| vertices v € X;
such that I, # V;.

Then there is an embedding v: V(H) — V(G) with (x) € I, for each x € H.

4. MAIN LEMMAS AND PROOF OF THE MAIN THEOREM

In this section we prove Theorem 1.1. We first sketch the proof and give the lemmas we need,
and then give a formal proof.

For proving Theorem 1.1, we apply the regularity lemma to G to obtain a regular partition
V = {V,...,V;,} with exceptional set Vj and a corresponding coloured reduced multi-graph G
on vertex set [m]. Note that G approximately inherits the (relative) minimum degree conditions
as G. Our task is now to analyse the structure of monochromatic components in G.

We begin by introducing the following extremal colourings (see also Figure 2), which require
special treatment. Recall that in a coloured multi-graph there is at most one red edge and at most
one blue edge between any pair of vertices.

Definition 4.1 (Extremal colourings). Let G be an m-vertex (multi-)graph whose edges are
coloured with red and blue. We say that the colouring of G is y-extremal if one of the following
holds (modulo swapping colours).

(a) G has a spanning bipartite red component with bipartition classes X7, X5 and such that
|[X1] — |X2|| < ym. There are (exactly) two blue components By, Bz, both bipartite, with
V(Bl) == X1 and V(Bg) = Xg.

(b) The subgraph G has two red and two blue monochromatic components Ry, Ra, By, Bs such
that V(G) = Ui,je[Z] V(R;) N V(Bj) and |V(R;)) NV (Bj)| < (1/4+~v)m for 1 < 4,5 < 2.
Moreover, all but at most ym? edges of G[V (R;) NV (B;)] are blue if i = j and red otherwise.

Now we present our main structural lemma, whose proof we defer to Section 5. It states that
if G is not close to an extremal colouring, then we can choose three monochromatic components

covering all vertices of G which have various good properties that allow us to complete the cycle
partition.

Lemma 4.2 (Finding components). Let 1/m < ~. Let G be a multi-graph on m wvertices with
5(G) > (2/3 + 8y)m, whose edges are coloured in two colours. Suppose that the colouring of G is
not (4v)-extremal. Then there are distinct monochromatic components C1,C2,C3 C G such that
C :=JC; spans G and all of the following hold.

(i) C is y-robust Tutte.
(ii) One of the following holds:
(a) [Uix,; V(C) NV(C))| = (1/3+~)m, or
(b) Cy is spanning, C1 or Co contains an odd cycle, and C3 = 0.
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(iii) If Cy,C3,Cs are each bipartite, then C5 = ().
(iv) C is connected.

Our next task is to make a case distinction, depending on the structure of G and of G. For this
we need the following definition.

Definition 4.3 (Bridges). Suppose G is a graph whose edges are coloured in red and blue and
which has an (g, d)-regular partition V = {Vi,...,V,,} with corresponding coloured (e, d)-reduced
multi-graph G. Let Hy, H, C G be monochromatic connected subgraphs of G of colour y and
let G, be the subgraph of G formed by all edges in E(G) of colour x. We say that (Hi, Ha)
admits bridges if there are two distinct vertices u,u’ in G and clusters V;, V}, Vir, Vjy in V with
i,i' € V(Hy) and j,j' € V(H3) such that

degGX(u’V;) > d‘Vi|7 degG’X(u7Vj> 2 d|Vj|7
degg (u',Vir) > d|Vy|  and degg (u/, V) > d|Vy|.
If the colour y is blue, then we also talk of blue bridges, if x is red we talk of red bridges.

Note that for any monochromatic connected H C G with at least one edge, the pair (H, H)
admits bridges.

Continuing with our proof strategy, we separate three cases. First, G is not close to either
extremal colouring. Second, G is close to an extremal colouring but there is a pair of red (blue)
components of G which admit red (blue) bridges. Third, G is close to an extremal colouring and no
such bridges exist. In the last case, the structure of G is so close to the respective extremal graph
that we can find the desired three-cycle partition without the regularity lemma, as the following
lemma states. We prove this lemma in Section 8.

Lemma 4.4 (Extremal cases). Let 1/n < €,1/m < d < v < . Suppose G is a graph on n
vertices with minimum degree 6(G) > (2/3 4+ B)n whose edges are coloured with red and blue.
Suppose G has a coloured (e, d)-reduced multi-graph G on m wvertices. Let the colouring of G be
~v-extremal and such that one of the following is true:

e G has a colouring as in Definition 4.1(a) with monochromatic components Ry, B1, B2 and
(B1, Bs) does not admit bridges.

e G has a colouring as in Definition 4.1(b) with monochromatic components Ry, Rs, B1, Bo and
neither (Ry, Re) nor (By, Ba) admits bridges.

Then G has a partition into three monochromatic cycles.

When G is not close to an extremal colouring, or when it is but some pair of components
admits bridges, we work with the regular partition to find the desired three-cycle partition. We
now describe the proof for the case that G is not close to either extremal colouring, and explain
briefly at the end the modification required for the case that G is close to an extremal colouring
but some pair of components admit bridges. We set H; := C; for ¢ = 1,2, 3, where the C; are the
components provided by Lemma 4.2.

The first step is to fix a perfect 2-matching M of G. We then move a few vertices from each of
the clusters V7, ..., V,, to the exceptional set in order to make the regular pairs of G corresponding
to M super-regular. We denote the resulting exceptional set by Ve,

Our next step is to find three pairwise disjoint cycles in G which form the basis of our three-cycle
partition. In each H; we will find a cycle D;, such that all the D; together cover the vertices V¢,
In addition, the cycles D; will be ‘easy to extend to the pairs in H;’, which we make precise in
next definition.

Definition 4.5 (Support path embeddings). Let G be a graph whose edges are coloured in red
and blue and which has an (g, d)-regular partition ¥V = {V3,...,V;} with corresponding coloured
(e,d)-reduced multi-graph G. Let H C G, be a subgraph of colour x. We say that D C Gy
supports path embeddings in H, if for each edge ij € E(H) there is an edge f;; = {u,v} € D with
u € V; and v € V; such that v and v have typical degree in the regular pair (V;,V}),. We also say
that the edge fi; witnesses that D supports path embeddings in H for ij.

Our next lemma constructs the desired cycles covering the exceptional vertices. We prove this
lemma in Section 6.

Lemma 4.6 (Covering exceptional vertices). Let 1/n < &,1 < § < d < v < B. Suppose

’m

G is a graph on n wvertices of minimum degree deg(G) > (2/3 + B8)n whose edges are coloured
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with two colours. Let G have an (e, d)-regular partition V = {V1, ...,V } with exceptional set Vj
and corresponding coloured (e, d)-reduced multi-graph G. Let W C V(G) be d-sparse in V. Let
H,, Ho, Hs be subgraphs of G with the following properties.

(i) One of the following holds:

(a) |Uip; V(H) NV(H;)| = (1/3+~)m or

(b) Hy is spanning, Hy or Hy contains an odd cycle, and Hz = .
(ii) If Hy, Ho, Hs are each bipartite, then Hs = ().

(iil) Hy and Hjz are monochromatic components and Hy is the union of two monochromatic
components which admit bridges.

(iv) If V(H;) NV (H;) # 0, then H; and H; are of different colours.
Then there are disjoint monochromatic cycles D1, Do, D3 such that D; supports paths embeddings

in H; for each i € [3]. Moreover, for D = D1 UDyU Ds, the set V(D) is v/d-sparse in V, we have
W CV(D), and |V(G)\ V(D)| is even.

To complete the proof, we aim to extend the cycles Dy, Dy, D3 to monochromatic cycles parti-
tioning V(G). To do this, we will replace in each D; some of the edges f. (as in Definition 4.5)
with longer paths P, of the correct colour which are contained in the regular pair corresponding
to e € E(G) such that, overall, we cover all vertices of G. Any such path uses the same number ¢/,
of vertices in each of the two clusters, which is the reason why we require in the conclusion of
Lemma 4.6 that |[V(G) \ V(D)| is even.

But how do we choose the numbers t.? For explaining this, we remark first that our strategy
is to embed all the paths P. vertex-disjointly using only one application of the blow-up lemma
(Lemma 3.10) with G’ = M. We need t, to be large for all edges e € M (for satisfying con-
dition (B1) of Lemma 3.10). More precisely, we let z = |~ | and require for all edges e that
t. > w(e)z where w(f) = 2 if e is on an edge of M, w(f) =1 if e is on a cycle of M, and w(e) =0

otherwise. Changing variables by setting
(4.1) te =t, —w(e)z =t, —w(e)|1%],

this is equivalent to requiring t. > 0. Moreover, as we need to cover all vertices in each cluster
V; € G, we require

(4.2) VAVD) = D = > (tetwle)z) =22+ > te.

e€E(G): i€e e€E(G): i€e e€E(G): i€e
The following lemma guarantees that such non-negative values t. exist. When we apply this
lemma, we shall set t; = ‘Vi \ V(D)’ — 2z, hence all these ¢; will be very similar in size.

Lemma 4.7 (Balancing lemma). Given m and 0 < v < %, if t > 5m/v the following holds. Let
H be a connected graph on m wvertices that is y-robust Tutte. Let (t;);cv(m) be integers such that
> ti is even and such that t; = (14 )t for each i € V(H). Then there exist non-negative

integers (te)eep(m) such that for each i € V(H) we have 3 cp(py. jee te = ti-

We prove Lemma 4.7 in Section 7. This concludes our proof sketch in the case that G is not
close to an extremal colouring.

The final case to be considered is that G is close to an extremal colouring but two components
admit bridges. In this case we let Hy be the union of these two components, and let Hy, Hs be
the other two components (it is possible that Hs = @). It turns out that the above proof sketch
also works in this setting.

We are now ready to give the details of the proof of Theorem 1.1.

Proof of Theorem 1.1. We will start by fixing some constants. Given 5 > 0 we may assume that
B < 1/3. We choose ~v,d,d > 0, and mq such that

1
(4.3) —gikd<y< B
mo

are small enough so that we can apply Lemma 4.2 with input m%) < 7, Lemma 4.4 with input

m%) < d € 4y < B and Lemma 4.6 with input m%] < 6 < d < B. The blow-up lemma

(Lemma 3.10) with input
A=2 a=1 (=d/2, d/2 and k=2
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provides us with constants &’ > 0 and p > 0. We choose ¢ such that 0 < 2e < ¢/, and
(4.4) R

Note that our choices guarantee we can use Lemma 4.4 with input e, m%) < d < 4y <€ B and
Lemma 4.6 with input ¢, - < § < d < 3. The regularity lemma (Lemma 3.8) provides us with

’ mo
a constant M for input € and myq. Finally, we choose ng such that

(4.5) ngt < M~ < my?

is sufficiently small for Lemma 3.10, Lemma 4.4, and Lemma 4.6 (with inputs as set above, but
with M instead of mg). Assume that n > ng. We further assume that our choice of constants
in (4.3), (4.4), and (4.5) is such that these constants are chosen sufficiently small in terms of each
other for various estimates we will use in the proof, for example for the application of Lemma 4.7
below.

Given an n-vertex graph G with minimum degree §(G) > (% + B)n, whose edges are coloured
with red and blue, let V = {V4,...,V,,,} be a regular partition of G with exceptional set Vj, as
provided by Lemma 3.8 for input €, mg,d. We have mg < m < M. Let G be the corresponding
coloured (e, d)-reduced multi-graph of G. By (3.3) and by the choice of v we have 6(G) > (2 +
87)m. Hence we can apply Lemma 4.2 with input m and v to the coloured multi-graph G, which
tells us that G is (4)-extremal or there are monochromatic components C1,C2,C3 C G such
that C' := (JC; spans G and (i)—(iv) of Lemma 4.2 hold. We distinguish three cases and define
subgraphs Hy, Ho, H3 C G as follows:

(a) G is not (4v)-extremal. In this case we set H; := C; for each i = 1,2, 3.
(b) G is (47y)-extremal and some pair of components admit bridges.

(1) If G is close to the colouring of Definition 4.1(a), with one red component R; and two blue
components Bi, B which admit bridges, we set H; := Ry, Hy := B; U By and H3 = ().
(2) If G is close to the colouring of Definition 4.1(a), with one blue component By and two red
components R, Ry which admit bridges, we set H; := By, Hy := R; U Ry and H3 = ().
(3) If G is close to the colouring of Definition 4.1(b), with two red components Ry, Re and
two blue components By, By such that (B, By) admits bridges, we set Hy := Ry, Ho :=
B1 U B2 and H3 = RQ.
(4) If G is close to the colouring of Definition 4.1(b), with two red components R;, Ry and
two blue components By, By such that (Rj, Ry) admits bridges, we set Hy := By, Hy :=
R1 U R2 and H3 = BQ.
(¢) None of the above cases apply.
In case (c), by Lemma 4.4 there exist three monochromatic cycles which partition the vertices of G,
as desired. We may therefore assume one of the other two cases holds. Let H be the uncoloured
spanning subgraph of G whose edges are all pairs lying in at least one of Hy, H, and Hs. We
claim that (in either of the two cases) all of the following hold.
(H:i) H is y-robust Tutte.
(H:ii) One of the following holds
(@) [Uix; V(H:) NV (Hj)| = (1/3+ v)m or
(b) H, is spanning, H; or Hy contains an odd cycle, and Hs = .
(H:iii) If Hy, Hy, H3 are each bipartite, then Hz = (.
(H:iv) H; and Hj are monochromatic components of G, while Hj is the union of two monochro-
matic components of G of the same colour which admit bridges.
(H:v) If V(H;) N V(H;) # 0, then H; and H; are of different colours.
(H:vi) H is connected.

These statements hold in case (a) by Lemma 4.2, with each H; being a distinct monochromatic
component of G (and so Hy = Cs U Cy, and as observed after Definition 4.3, (Cs, Cy) admits
bridges trivially). In case (b), H; and Hj are distinct monochromatic components of G and Hs is
by construction the union of two monochromatic components of G of the same colour which admit
bridges, hence we get (H:iv). Further, there are no other other monochromatic components in G
by Definition 4.1, hence we get (H:vi) and H = G has minimum degree 6(H) > 2m/3. It follows
that no stable set has more than m/3 vertices and every stable set has a neighbourhood of size at
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least 2m/3, giving (H:i). It is easy to verify that also (H:ii)(a) and (H:iii) hold. From this point
on, we do not need to distinguish cases (a) and (b); the above list of properties is all we need.

By (H:i) and Theorem 3.2, there is an (uncoloured) perfect 2-matching M in H. Let VEx¢
consist of Vy together with, for each i € V(G), all vertices v € V; such that v does not have
typical degree in any pair (V;,V;) with ij € E(M) in any colour such that G has an edge ij of
this colour. By (3.1), there are at most 4¢|V;| such vertices in each V;, so that VE*¢ is §-sparse in
V=A{V,...,Vp}.

We apply Lemma 4.6 to G with the partition V with reduced multi-graph G, and with W =
VEx¢ The conditions of the lemma are satisfied by (H:ii), (H:iii) and (H:iv). We obtain pairwise
vertex disjoint monochromatic cycles D;, Do, D3 in G, such that for each i the colour of D;
is the same as the colour of H;, and D; supports path embeddings in H;. Furthermore, for
D := Dy U Dy U Ds the set V(D) is v/é-sparse in V, we have VF*¢ C V(D), and

(4.6) ’V(G) \V(D)‘ is even .

For each e € H, choose some p(e) € {1,2,3} such that e € E(Hp)), and let f. be the edge
of D) witnessing that D, supports path embeddings for e.

It remains to extend the cycles D1, Do, D3 to cycles covering all of G, for which we shall use
the blow-up lemma. This lemma requires a reduced graph without multi-edges, and hence we fix
a (coloured) subgraph G* of G by deleting for each multi-edge in G one of the two parallel edges,
with the constraint that if e € H then the edge of the same colour as f. is kept. Observe that
this does not create problems with connectivity: Since D; supports path-embeddings in H; and
we shall use this to extend D; by merely replacing some of its edges by longer paths, the resulting
graph will still be a cycle. Hence it only remains to check that we can do these extensions so that
all vertices of G get covered. For this we shall use the blow-up lemma with reduced graph G* and
with ¢’ = M.

Let us next check that the vertices not covered by Dy, Dy, and D3 indeed form a regular
partition which is super-regular on the pairs corresponding to M, so that we can apply the blow-
up lemma. For each i € [m] let V;* = V;\ V(D) and let G* be a graph on vertex set V(G) \ V(D)
that contains for each ij € G* of some colour x the edges of G in the regular pair (V;, V;) of colour x
that have one endpoint in V;* and the other in V;*. Consider the partition V* = {V{",..., V5 }.
Observe that since VE*¢ C V(D), for each ij € M and for any vertex in v € V;* we have

degg- (v, V}7) = (d = o)|Vj| = V3|V| > d|V}|/2.

Moreover, by (3.2) for each edge ij € E(G*) the pair (V;*, V]*) in G* is (2e,d/2)-regular. In other
words, G* with the partition V* is (2¢, d/2)-regular on G* and (VZ*, VJ*) is (2¢, d/2)-super-regular
for each ij € M. Hence G*, with the partition V* and the graph G* with subgraph G’ = M,
satisfies Lemma 3.10(B2).

As explained before, for edges e € H we shall replace the edge f. (which is part of some D;)
by a path in the same colour of length ¢,. Let us now choose the values t, with the help of
Lemma 4.7. To this end, set z := [;% | and for each i € [m], set t; := |V;*| — 2z. Observe that
> iem) ti = [V(G")|=2mz, which is even by (4.6). Moreover, since (1—¢)n/m < [V;| < n/m holds
by Lemma 3.8(b), and since V(D) is v/d-sparse in V, we have (1 —&)n/m —v/on/m < |Vi*| < n/m
and hence t; = (14 3v0)n/(2m) = (1 + £y)n/(2m) for each i € V(H). Since H is v-robust
Tutte by (H:1) and connected by (H:vi), we can apply Lemma 4.7 to obtain non-negative integers
(te)ecr(m such that - c ppr).ice te = ti holds for each i. Setting t; := t. +w(e)z, where w(f) = 2
if e is on an edge of M, w(f) =1if e is on a cycle of M, and w(e) = 0 otherwise, we obtain

(4.7) Z t,=|Vi*| and t.>z> I
ecE(H): ice m

for each i € [m] and each é € M.

We now construct a graph F' containing the paths that we shall embed with the help of the
blow-up lemma, and define a partition V(F) = X; U---UX,, as follows. For each e = ij € H with
t, > 0, we add a path P. with 2t/ vertices to F', whose vertices we put alternately to X; and Xj.
Thus all edges of F' lie on pairs (X;, X;) such that ij € H. For each i € V(H), we let X, CX;
be the vertices lying on paths between X; and some X; such that ij € M. By (4.7) we have
1 X;| > == > |V;*|/5 and |X;| = |V;*| for each i € [m]. Hence F' and the partition X; U---U X,,
satisfy Lemma 3.10(B1).
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Finally, we set up image restrictions I, for z € V(F) as follows, to guarantee that when we
embed the paths in F' they connect appropriately to the corresponding D;. If z € X, has degree 2
in F, we set I, = V;*. Otherwise, x is an end-vertex of a path whose vertices are in X; U X; and
by definition, the edge e = ij lies in Hp). In this case let z be the end-vertex of f. € E(D,.))
that is in X; and let I, be the G*-neighbours 2’ of z in X}. Observe that by definition of G* each
such edge zz’ has the same colour as f.. Since D; supports path embeddings in H;, the vertex z is
typical in (V;,V;) and hence has at least (d — £)|Vi| — V/3|Vi| > 3d|V;*| neighbours in V;*. Further,
since for each edge e of G* we choose a unique f. € E(D), for each i € [m] there are at most
m — 1 < p|X;| vertices x € X; with I, # V;*. Hence the I, satisfy Lemma 3.10(B3).

Thus, applying Lemma 3.10, we find an embedding ¢ of F' into G* such that for each x € V(F)
we have x € I,. We combine the embedding of F' with the cycles Dy, Do, D3, by replacing for
each e € H such that ¢, > 0 the edge f. = uv on the cycle D)) with a path as follows. Assume
without loss of generality that v € V; and v € V;; and that the first vertex w of ¢(F.) is in V; and
the last vertex w’ of ¢(P,) is in V;. Then we replace f. by the path u, #(P.), v to obtain a longer
monochromatic cycle. This is possible since ¢(P.) has the same colour x as f. by the definition
of G*, and since, by the definition of the sets I, also uw and w’v have colour x. We thus obtain
three monochromatic cycles D}, D, D%, whose vertices partition V(G). O

5. FINDING COMPONENTS: THE PROOF OF LEMMA 4.2

This section is dedicated to the proof of Lemma 4.2. Given v > 0, let G := G be a red and blue
edge coloured graph on n := m vertices and of minimum degree at least (2/3 + 8y)n. Suppose
that the colouring of G is not (4v)-extremal. Our goal is to find monochromatic components
C4,C5,C3 C G whose union spans G and satisfies (i)—(iv) of Lemma 4.2.

We start by showing that G is spanned by two monochromatic components.

Claim 5.1. There are monochromatic components Cy,Cy that together span G.

Proof. Let C be the set of monochromatic components of G. Let vy,...,v, be a maximal number
of vertices such that for distinct ¢, j € [q], vertices v; and v; are both in distinct red and in distinct
blue components. Then

;nq < Z deg(v;) = Z dred (Vi) + Z dblue(vi) < 2(n — q),
i€[q] i€lq] i€[q]
and therefore, ¢ < 2. Now consider the bipartite graph H whose partition classes are the red
and blue components respectively and which has an edge CC’" whenever and V(C) NV (C") # 0.
Observe that the size of any matching in H is at most ¢ < 2. So by Ko6nig’s theorem, the edges
of H are covered by two vertices. These vertices are monochromatic components spanning G. o

We fix monochromatic components C; and Cy that together span the vertices of G and distin-
guish three cases:
Case 1: One of C; and C} is spanning,
Case 2: (] and C5 have distinct colours,
Case 3: C7 and Cy have the same colour.
We introduce the notion of contracting sets, which will be convenient when arguing about

part (i) of Lemma 4.2.

Definition 5.2. For a spanning subgraph H C G, we call a stable set S C V(G) contracting
in H,if [Ny (S)| < |S| + yn.

Note that if S is contracting in H, then 2|Ng(S)| —vyn < |S| + |Nug(S)| < n and, therefore,
(5.1) NH(8)] < (1/2+7/2n.

5.1. Case 1: One of C; and (5 is spanning. We assume that R := C; is spanning and red.
We will show that either there exist one or two blue components which together with R satisfy the
conditions of Lemma 4.2, or the colouring is (4)-extremal as in Definition 4.1(a) in contradiction
to our assumption.

Let us begin with the following observation. For a collection of blue components {B;,i € I},
consider a subgraph H = RUJ,c; B; C G, and assume that some stable set S is contracting
in H. If B is a blue component with v € S N V(B), then

(5.2) S| +n > [Nu(S)| = degy (v) = (2/3 4+ 87)n — [V(B)].
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Furthermore, we must have that B # B;, i € I, since otherwise [Ny (S)| > degy (v) = degg(v) >
(2/3 4+ 87)n, in contradiction to (5.1). Hence, for any B;, i € I, we have
(5.3) SNV (B;) = 0.
The next claim summarizes a few observations on contracting sets.

Claim 5.3. Let H = RU|J,;c; C; for blue components C;, i € I. Suppose S is a contracting set
in H, and let By,...,B; be the blue components that have non-empty intersection with S. Then

(a) t <2 and |V(Uje[t] Bj)| = (1/3 + 3y)n.

In addition, we have the following:

(b) If S intersects with a bipartite blue component, then t = 1.

(c) Ift =2, then V(G) \ Nu(S) € V(U,epy Bj) and V(G)\V (U, e Bj) € Nu(S).

Before we prove Claim 5.3 let us note that, by (5.3), the sets V(B;), j € [t], are distinct from
the sets V(C;), i € 1.

Proof. Set W =V(G) \ (Ng(S) U S) and note that
(5.4) H has no edges in S and no edges between S and W.
For each j € [t], fix a vertex v; € V(B;) N S and observe that

(5.5) (SUW) AV(By)| > degg, (0, SUW) > (2/3+ 870 — [Nu(S).

To prove t < 2, let us assume that ¢ > 3 and obtain a contradiction. Since By, By, B3 are vertex
disjoint, we have By (5.4) we have

SUW| > Y [(SUW)NV(B)] (525) (2 4 247)n — 3|Ng(S)].

i€[3]

This, together with the fact that V(G) = SU Ng(S) U W, contradicts (5.1):

3INu(S)|+[SUW| > (6/3+24v)n &
2ANu(S)| > (3/3+ 247)n &
INg(S)| > (1/2 4 127)n.
Hence ¢t < 2.
In preparation for proving parts (b) and (c), we show the following:
(5.6) If t = 2, then |S| > (1/3 4 15v)n.

Indeed, assuming that t = 2, we have
W[ > [WNnV(B1)|+ [WNV(Bs)|
=2 |(WUS)NV(By)| = [SNV(B1)|+ |(WUS)NV(Bz)| = [SNV(By)|

" 22/ 4 Sy)n — 20N ()] - 1S 0 (V(By) UV(B2))]
> (4/3+ 167)n — 2|Ny (S)| — |S].

This, together with V(G) = W U S U Ng(S), gives |S| +yn > |Ng(S)| > (1/3 + 167)n, which
implies (5.6).

To obtain part (c) suppose that ¢ = 2. It follows from §(G) > (2/3 + 8y)n and (5.6) that any
vertex in V(G) \ (Ng(S)US) has an edge to S. All such edges are not in H by (5.4), so they are
blue and in By or By. Hence V(G) \ Nu(S) € V(U,¢py By) and V(G) \ V(U;e Bi) € Nu(5),
as desired.

To show part (b), let us assume that ¢ = 2 and, without loss of generality, B; is bipartite.
Consider any vertex v; € SN V(By). By (5.6) and since S is stable in H, the vertex v; has
a blue neighbour vy € S. Clearly v1,vs belong to distinct bipartition classes of By and their
neighbourhoods in B; are disjoint. Hence

2
(5.5)
(SUW)NV(By)| > degp, (v, SUW)| > 2(2/3+8y)n — 2| N (S)|.
j=1
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We combine the last inequality with (5.5) and obtain

ISUW|> Y [(SUW)NV(B))| > (2+ 247)n — 3N (S)].
1€[2)

Using the fact that V(G) = S U Ng(S) U W, we get again

3Nk (S)] + [SUW| > (6/3 + 24v)n X [Ny ()] > (1/2 + 129,

which is a contradiction to (5.1). This proves part (b).

Finally, to complete the proof of part (a), we must show that [V (U,c; Bj)| = (1/3 +3v)n. If
S| = (1/3+ 37)n, this follows from S C V(U B;). Otherwise, we have |S| < (1/3+37)n, and
hence t =1 by (5.6). Then

(5.2)
(1/3+4v)n > |S|+vn > (2/3+8y)n — |V (B1)|

from which we obtain |V(By)| > (1/3 + 4yn) as desired. o

Now we show that we can select two blue components which together with R satisfy the con-
ditions of Lemma 4.2.

Remark 5.4. Note that since we always select R and R is spanning, part (iv) of Lemma 4.2 holds
trivially.

Claim 5.5. If there are two blue components By, By with |V (B1)|,|V(B2)| > (1/3 + 3v)n, then
Lemma 4.2 is true.

Proof. Consider blue components By, By with |V(By)|, |V (B2)| > (1/343v)n. First, suppose that
one of R, By, By contains an odd cycle. Let Ho = RU B; U Bs. We will show that H, satisfies
the conditions of Lemma 4.2. If Hy has a contracting set, then by Claim 5.3 there are (up to) two
more blue components which together contain at least (1/3 + 3y)n vertices. But this contradicts
[V(B1)],|V(B2)| > (1/3 4+ 37)n. Hence Hy satisfies Lemma 4.2(i). Moreover, Hs also trivially
satisfies (ii)(a). Since one of R, By, Bz contains an odd cycle, Hy satisfies Lemma 4.2(iii), and we
are done.

Hence we can assume that R, B, By are each bipartite. Denote the bipartite partition classes
of R by X and Y, where | X| > |Y|. We claim that either V(B;) = X and V(Bz2) = Y or vice
versa. Observe that d(Gpe[X]) > (2/3 +8y)n —|Y| > (1/6 + 8y)n. Since B; and By have each
order at least (1/3 + 3y)n and |Y| < n/2, there must be a vertex € X which is also in B; or
Bs, say in Bj.

Let us show that X is contained in V(By). Since §(Gpiue[X]) > (1/6 + 8y)n, the component
Bj has an edge in X. It follows, using §(Guiue[X]) > (2/3 + 8y)n — |Y| and the bipartiteness of
By, that By has at least (4/3 4+ 16y)n — 2|Y| vertices in X. Take any vertex 2’ € X. Since

(4/3 4+ 167)n — 2|Y| + 0(Gre| X]) > (24 24v)n = 3|Y| > | X],

2’ must have a blue neighbour in V(Bj). This proves X C V(B).

Since X is contained in V(B;), it follows that V(Bs) is contained in Y. In fact, we have
V(Bsy) =Y. To see this, recall that |V (Bs3)| > (1/343v)n. As G has minimum degree (2/348v)n
and Y contains no red edges, every vertex y € Y must have a blue neighbour in V(Bs), and
therefore also belongs to By. Hence Y C V(Bs). So in fact, we have V(B;) = X and V(B3) =Y.

Set Hi = RU By. If H; has no contracting sets, then it satisfies the conditions of Lemma 4.2
and we are done. So suppose that S is a contracting set in H;. Since vertices in X have degree
at least (2/3 4+ 8v)n in Hy, the set S must be contained in Y = V(Bs). In the following, we
distinguish two cases depending on the size of S.

Let us begin with the case, where |S| > (1/3 — 8y)n. Then every vertex of G has a neighbour
in S. In particular, every vertex in X has a red neighbour in S, hence X C Ng, (X). So
Y|+ yn > |S| +yn > |Ng, (S)| > |X]|, and hence |X| > |Y| > |X| — yn. It follows that the
colouring is y-extremal as in Definition 4.1(a), which contradicts our initial assumption.

Now suppose that |S| < (1/3 — 8y)n. We show that this results a contradiction. Suppose first
that G[S] contains an edge vw. Such an edge must be blue and in By. Using the bipartiteness of
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By, we obtain that
[V(B2)| = degg (v, V(G) \ X) + degg(w, V(G) \ X)
> (4/3 +167)n — 2|Np, (5|
> (4/3 + 14v)n — 2|S|
> (2/3 + 307)n,

where we used that S is contracting in the penultimate line. Now suppose that G[S] contains no
edge. It follows, for any v € S, that

[V(B2)| = |S] + degg (v, V(G) \ Ng, (5))
=[S+ (2/3+8y)n — [Nu, (5]
> (2/34 Ty)n.
In both cases, we have |V (Bz)| > 2n/3, which contradicts |V (By)| > (1/3 + 37)n. o

Denote the three blue components of largest order by By, B2, Bs, where |By| > |Bs| > |Bs|.
Let HH = RUR; and, for i € {2,3}, let H,=RUB,UB;, =H;UB,.

Claim 5.6. Leti € {2,3}. If H; has no contracting set, then Lemma 4.2 holds.

Proof. Suppose that H; has no contracting set for some i € {2, 3}.

First we deal with the case, when |V(B;1) U V(B2)| < (1/3 + v)n. Here, we shall show that
H, satisfies the conditions of Lemma 4.2. To begin, observe that all blue components distinct
from B; have order at most (1/6 + v/2)n. It follows that H; has minimum degree at least
0(G)—(1/64+~/2)n > (1/2+ 7y)n and, therefore, contains no contracting sets (see (5.1)). So Hy
satisfies Lemma 4.2(i). If R contains an odd cycle, then H; also satisfies Lemma 4.2(ii)(b) and (iii),
and we are done. Thus we may assume that R is bipartite. Let V(R) = X UY be a bipartition
of R, where | X| > |Y|. Note that dp1ue(G[X]) > (2/348y)n — Y| > (1/6 + 8¥)n. Since By is the
only blue component of order (possibly) more than (1/6 + v)n, it follows that X C V(By). Thus
|[V(B1)| > |X]| > n/2 in contradiction to the assumption of |V (B1) UV (Bs)| < (1/3 + y)n.

Hence we may assume that |V(By) U V(Bz2)| > (1/3 + v)n. This means that H, satisfies
Lemma 4.2(ii)(a). If |V(B1) U V(B3)| > (1/3 + v)n, then also Hj satisfies Lemma 4.2(ii)(a).
Otherwise, |V(B1) UV (Bs)| < (1/3 +~)n and all blue components distinct from B; and By have
order at most (1/6+4/2)n. It follows that Hy has minimum degree at least §(G) — (1/6++/2)n >
(1/2 + 7v)n and, therefore, contains no contracting sets (see (5.1)). So, we may assume i = 2. In
either case, H; satisfies Lemma 4.2(ii)(a).

If one of R, By and B; is not bipartite, then H; satisfies Lemma 4.2(iii), and Lemma 4.2 holds.
Hence assume that R, B; and B; are each bipartite. As before, let V(R) = X UY be a bipartition
of R with |X| > |Y|.

We need to distinguish between two sub-cases: either By N X # 0 or V(B;) C Y. Suppose
first that By has at least one vertex in X. We will show that X C V(Bj). To this end, note that
Ibie(G[X]) > 0(G) — Y] > (1/6 + 8y)n. Since By is bipartite and has at least one edge in X, it
has at least 20p1ue(G[X]) > (1/3 + 167)n vertices in X. Using that 6(G) > (2/3 + 8v)n, we obtain
that any vertex x in X has a neighbour 2’ in V(B;) N X. Since R is bipartite, zz’ must be blue,
hence z € V(B;) and X C V(By).

The situation, where |X| < (1/2 + 2v)n is easily resolved. Indeed, if | X| < (1/2 + 7)n, then
[V(B;)| > 26(GrielY]) > 2((2/3 + 8y)n — | X|) > (1/3 + 12)n, where we used the bipartiteness
of B;. Since |V(B1)| > |[V(B;)|, we are done by Claim 5.5.

Thus we can assume that | X| > (1/24+2v)n. Now it is not hard to see that H; = RUB; satisfies
the conditions of Lemma 4.2. Note that (ii)(a) and (iii) are trivially satisfied as X C V(By).
If H; has no contracting sets, then (i) also holds, and we are done. So assume that S is a
contracting set in H;. By Claim 5.3 there are blue components Q1,...,Q; with ¢t < 2 such that
V(Ujepy @i)1 = (1/3 4 3y)n. Note that ¢ = 2, since otherwise [V/(B1)| = [V(Q1)] = (1/3 + 37)n
and we are done by Claim 5.5 again. So, by Claim 5.3(c), we have X C V(By) C Npg,(95).
Together with |X| > (1/2 + 27v)n, this contradicts (5.1). This concludes the analysis of the case
when B; intersects with X.

Now suppose that V(B1) CY. We claim that no bipartite blue component has a vertex in X.
Indeed, assume otherwise. Then such a component has order at least (1/3 + 16v)n due to being
bipartite and §(Gpe[X]) > (2/3 + 8y)n — |Y| > (1/6 + 8y)n. Hence |V (B1)| > (1/3 + 167)n by



PARTITIONING 2-COLOURED GRAPHS OF MIN. DEGREE 2n/3 + o(n) INTO MONOCHROMATIC CYCLESL5

the maximality of B, and we are done again by Claim 5.5. So blue components with vertices in
X are not bipartite. In particular, V(B;) C Y \ V(By).

Next, we show that Bs_; has a vertex in X. Indeed, assume otherwise. Owing to 0(Gpiue[X]) >
(1/6 4+ 8v)n and Bj being the third largest component, it follows that |V(By)| > |V(B2)| >
[V(Bs)| > (1/6 + 8y)n. Hence |Y| > |V(B1)| + |V(B2)| + |V(B3)| > n/2, which contradicts
|X| > |Y|. So Bs_; intersects with X, which implies in particular that Bs_; is not bipartite.

To finish, we show that Hs_; = RU By U Bs_; satisfies the conditions of Lemma 4.2. Note that
[V(Bs—;)| > (1/6 4+ 8y)n as 0(Gpiue[X]) > (1/6 + 8¥)n. Hence |V (B1) UV (Bs—;)| > (1/3+167)n,
which gives (ii)(a). Moreover, (iii) holds as Bs_; is not bipartite. If Hs_; has no contracting sets,
then we also have the condition (i). Hence assume that S is a contracting set in Hs_;.

By Claim 5.3 applied to Hs_;, there are blue components @1, ...,Q; with ¢ < 2 such that
V(Ujeg @51 = (1/3 + 3v)n. As before, we observe that ¢ = 2, since otherwise |V(B1)| >
[V(Q1)| = (1/3 + 3v)n, and we are again done by Claim 5.5. As B; is bipartite, it follows that
B; # Q1,Q2 by Claim 5.3(b). Moreover, by Claim 5.3(c), we have V(B1) UV (Bs) UV(Bs) =
V(B1)UV(Bs5-;)UV(B;) C Ny._;(S). On the other hand, |V(Bs)| > (1/6 4+ «)n since one of @4
and @2 has size at least (1/6 + v)n and Bs is the blue component of third largest order. Hence,
|Ne,_,(S)] > |V(B1U By UBs)| > (1/2 + 37y)n in contradiction to (5.1). o

By Claim 5.6, we can assume that Hs and H3 have each a contracting set, which we denote by
So and Sj3, respectively.

Claim 5.7. We have |Sz|,|S3| > (1/2 — v)n.

Proof. Fix i € {2,3}. By Claim 5.3 applied to H;, there are blue components Q1,...,Q; for t < 2,
which together cover at least (1/3+3v)n vertices. If ¢ = 1, then Q; has order at least (1/343v)n.
In this case, By (as the largest blue component) has also order at least (1/3 + 3v)n, and we are
done by Claim 5.5. Hence we have t = 2. Now Claim 5.3(c) yields V/(G)\ Ny, (5:) € V(U ¢y @)
and, therefore, we must have V(B U B;) C Ng,(S;). Since By, Ba, B3 are three blue components
of largest order and |V (By)| > |V(Bz2)| > |V(Bs)|, we have |V(Q1)|+|V(Q2)| < |V(B1)|+|V(B;)]-
Together, this gives

n—=|Sif —yn < [V(G)\ Nu, (Si)| < [V(Qu)| + [V(Q2)] < [V(B1)| + [V(By)]
< [Nu, (S:)| < |Si] +yn.

Hence |S;| > (1/2 — y)n. o
Claim 5.8. We have |V(B3) N Ss|, |V(Bs) N Sz| > (1/4 —4v)n.

Proof. Since |Sa| > (1/2 — «v)n by Claim 5.7, the vertices in S have at least (1/6 + 7)n blue
neighbours in S3. It follows from Claim 5.3 that Ss is contained in at most two blue components,
one of which has order at least (1/4—v)n. Thus |V(B1)| > |V(B2)| > |V (Bs)| > (1/4—~)n by the
maximality of By, By, B3. Recall that Hy = RUB;UB5 and, therefore, SoNB; = @ and SoNBy =0
by (5.3). As|S2| > (1/2—~)n, |V(B1)UV(Bs)| > (1/2—2y)n and V(B1)UV(B3) C V(G)\ Sa, the
component Bs has at most 3yn vertices outside of Sa. Consequently, |V (B3) NSz| > (1/4 — 4v)n.
Analogously, as |S3| > (1/2 —y)n by Claim 5.7 and V(B;) UV (Bs) C V(G) \ Ss, the compon-
ent By has at most 3yn vertices outside of S3. As a result, we have |V (Bg) N S3| > (1/4 — 4v)n.
o

Note that V(Bj) has vertices in neither Se nor S3 by (5.3) and |V(B1)| > |V(B2)| > |V(Bs2) N
S3| > (1/4 — 4v)n. So, by Claim 5.7, there is a vertex v € S3 N S3. By (5.3) and the definition of
H, and Hs, the vertex v is not in V/(B3UBs3). At the same time, v has no red neighbours in Sy USs5
since So, S3 are stable in Hy, Hs respectively. Therefore, v has no neighbours in Ss N V(B3) and
no neighbours S3 NV (By). Since By and Bj are distinct blue components, these sets are disjoint.
Moreover, by Claim 5.8, By and Bs have each size at least (1/4 — 4y)n. Hence v has degree at
most n — 2(1/4 — 4v)n = (1/2 + 8y)n in contradiction with §(G) > (2/3 + 8y)n. This concludes
the analysis of the case, where one of C; and Cs is spanning.

5.2. Case 2: (7 and C5 have distinct colours. Suppose that R := C is red and B := (5 is
blue. If R or B is spanning, we proceed as in Subsection 5.1. We will show that R, B and another
red component together satisfy the conditions of Lemma 4.2.
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Since neither R nor B is spanning, there are vertices vg € V(R)\V(B) and vg € V(B)\V(R).
Note that

(5.7) [Na(vr) N Na(vp)| = (1/3 + 167)n.

Moreover, any common neighbour of v and vp must lie in V(R) N V(B) (if for instance, vy
has a neighbour v € V(B) \ V(R) then the edge vgv cannot be red and it cannot be blue, a
contradiction). It follows that

(5.8) [V(R)yNV(B)| > (1/3 + 167)n.
Similarly, observe that, for ¢ € {1,2},
(5.9) V(R)\V(B)| < [V(G)\ Na(ve)| < (1/3 —8y)n

and hence |V(B)| > (2/3 + 8y)n. By symmetry, the same is true for colours flipped.

Let R’ be the red component of largest order in B — V(R). Note that any vertex v in
B — V(R UR) is incident to fewer than (1/6 — 4y)n red edges. Indeed, otherwise |V (R')| >
(1/6 — 4v)n (by maximality of R'), and so vz sends a red edge to R’ by (5.9) (with colours
flipped).

We claim that H := RU B U R’ satisfies items (i)—(iv) of Lemma 4.2. As by Claim 5.1, RU B
spans G, part (iv) is trivial and part (ii) holds because of (5.8). By (5.7), and because of our
assumption on the minimum degree of G, we know that G[N(vr) N N(vp)] contains an edge. If
this edge is red, vg is in a red triangle, and if it is blue, vp is in a blue triangle. Hence part (iii)
follows.

It remains to show that part (i) is satisfied. To this end, we assume there is a contracting set S
in H and show that this results in a contradiction. Observe that any vertex v in V(R) N V(B) or
in V(R’) has degree

degy(v) > (2/3+ 8v)n.
Also, recall that by definition of R/, any vertex vz € V/(B)\V(RUR’) has deg,.q(vg) < (1/6—4v)n
and so
degy (V) > (2/348y)n — (1/6 — 4y)n = (1/2 + 127)n.
On the other hand, since S is contracting, we have |[Ng(S)| < (1/2 4+ v/2)n by
[N (S)| > degpy(v) for any v € S, this means that S C V(R) \ V(B). By (5
|S] < (1/3 — 8vy)n. However, any vertex v, € V(R) \ V(B) has

5.1). Since
) this gives

(
9
(5.9)
degp (vg) = (2/3+8y)n — [V(R)\V(B)| = (1/3+167)n.
Thus |Ng(S)| > |S| + 24yn. So, contrary to our assumption, S is not contracting.

5.3. Case 3: ('} and (5 have the same colour. Suppose that Ry := C7 and Ry := (5 are
both red with
(5.10) [V(R1)| = n/2 = [V(R)|.

Let By,...,B; be the blue components that intersect with Ro. If ¢ = 1, or if one of the B;
contains Ry, we proceed as in Subsection 5.2. Hence we can assume that ¢ > 2, and R; € B;, for
1< <t

We begin by showing that ¢ = 2. To this end, let v; € V(B;) NV (Ry), for i € [t]. If t > 3, then
(using (5.10) for the third inequality),

V(R1)| > ) deg(vi, V(R1)) = 3((2/3+ 87)n — [V(Ry)])
1€[3]
>2n — (n+ |V(R2)])
=n—[V(R)],

a contradiction. So indeed t = 2.
Now let us partition V' (G) into non-empty sets

IiJ = V(Rl> n V(Bj)

for i, j € [2] as illustrated in Figure 3. Since vertices in I; ; have no neighbours in Is_; 3_; and as
5(G) > (2/3 + 8y)n, we obtain

(5.11) 1] < (1/3 — 8y)n for 4,5 € [2].
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FI1GURE 3. The partition of G in Case 3.

In particular,
(5.12) each of Ry, Ry, By, Bs has at least (1/3 4+ 16+)n vertices,
and moreover,

6(GL;4]) =2 6(G) — U335 U I; 5]
5.11)
>

—~

(5.13) (2/3 + 8y)n — 2(1/3 — 8y)n > 24~n.

We will show that three components among Rj, R, By, Bo can be selected so that they satisfy
the conditions of Lemma 4.2 unless the colouring is (4+)-extremal as in Definition 4.1(b) in con-
tradiction to our assumption. Note that for any such choice, Lemma 4.2(iv) holds since Ry U Ry,
B; U By span G and part (ii)(a) follows by (5.12). The next claim yields part (iii).

Claim 5.9. If one colour has a bipartite component, then the other colour has no bipartite com-
ponent.

Proof. Suppose that there is a bipartite component, say R;. We claim that
(5.14) the bipartition classes of Ry are I1 ; and I o.

Indeed, otherwise one of the two sets, say I1,;, contains vertices z,y from different bipartition
classes. Clearly, the neighbourhoods of x and y in R; are disjoint. Note that the neighbours of x
and y in G are in Iy o U By. Thus, each of  and y has at least (2/3 4+ 8y)n — |V (B1)| neighbours
in I . Thus by (5.11),

2((2/3+8y)n — [V(B1)]) < [L2| < (1/3=8y)n,

implying that |V (B1)| > n/2. Applying the same argument to neighbours 2/, vy’ of z,y in I o, we
obtain that |V (Bz)| > n/2 as well. This is a contradiction, which proves (5.14).

If, B; say, is bipartite as well, then the same reasoning shows that one of its bipartition classes
is I 1. Consequently I 1 contains no edges, in contradiction to (5.13). This proves the claim. o

It remains to show that either there is a choice of three components among R;, Ry, By, B
satisfying Lemma 4.2(i) or the colouring is (4v)-extremal as in Definition 4.1(b). To this end,
assume that no choice of three components among Ry, Ry, By, Bs fulfils Lemma 4.2(i).

For each i € [2], let Sg, be a contracting set of minimum size in G — E(R;), and let Sp, be a
contracting set of minimum size in G — E(B;). If v € V(R3_;) then degg(v) = degg_p(g,)(v),
and so, v ¢ Sg, by (5.1). It follows by symmetry that for i € [2],

(5.15) Squ Q V(RZ) and SB,i g V(Bl)
In fact, we can show slightly more.

Claim 5.10. For each i € [2] there is j € [2] such Sg, C I, ;. Similarly, for each i € [2] there is
j € [2] such that SBi - Ijﬂ'.
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Proof. Suppose that the claim does not hold for, say Sg,. So, by (5.15), Sg, N V(B;) # 0 for
i =1,2. Then
|Sr, NV (B1)| + |Sr, NV (B2)| 4 2yn = |Sk,| + 2yn
> |NG—E(R2)(SR2)| + m
> |NG-B(r2) (Sk,)|
> |Na-g(ry) (Sr, NV (B1)) | + [Na—B(r,) (SrR, N V(B2)) |,
where the last line follows because the red edges incident with Sk, belong to Ry and are therefore
not present in G—FE(Rz). And, moreover, there are no blue edges between V(B;) and V (Bg). Thus

by Definition 5.2, at least one of Sg, NV (B1), Sr, NV (B2) is a contracting set, in contradiction
to the minimality of Sg,. O

Claim 5.11. Let i,j € [2]. If Sg, NV(B;) # 0, then Is_;; C Ng_p(r,)(Sr,). Similarly, if
SBi N V(RJ) 75 @, then Ij,3_i - NG*E(BI-)(SBi)-

Proof. Suppose the claim is wrong for Sp, and B;. Let v € Sp, NV(B;) and w € I\
NG_E(R.)(SR,). Then by Claim 5.10, Sg, C I5:. Since Sg, is contracting in G — E(Ry), we
have

ISR, | + 91 > |Na_B(R,) (Sr,)| = degg_g(ry)(v) > (2/3 + 8y)n — [V (R)|.

Moreover, as w has its neighbours in G in I» 1 U Ry,

2.1\ Sk,| = degg g (r,) (W, T2.1) = (2/3+8y)n — [V (Ry)|.

[2,1] > (4/3 +157)n — [V(R1 U R2)| = (1/3 + 157)n,

Summing the two inequalities (recalling that Sg, C I 1) gives

in contradiction to (5.11). o

Claim 5.12. For each i,j € [2], the set I; ; contains at most one of the sets Sg,,Sr,,SB,, 5B,

Proof. Suppose the claim is wrong for ¢ = j = 2, namely, we suppose that Sg,,Sp, C I22. Then
by Claim 5.11,

(5.16) Iy1 € Ng_p(B,)(SB,) and I 2 € Ng_pg(r,)(SR,)-
As Sg, and Sp, are each contracting, this gives

[Ir1] < |SB,| +7n and |1 2| < |Sg,| + yn.
So, for any v € I 2, we have

degq (v, I22) > (2/3 +8y)n — |I1 2] — 121
> |Izo| — |1 2] + |I2,2] — |I21] + 24yn
> [Iz2] = |SRy| + [I2,2] — |SB,| + 2290

where the second inequality follows from (5.11). Hence v satisfies at least one of the following:
degyiue (v, 12,2) > [I22| =[Sk, [+ 110 or  degyeq(v,122) > [I22] — [SB,| + 11yn.

Let us call T's the set of all vertices in I » satisfying the first inequality and let Tz be the set of
all vertices in I 5 satisfying the second inequality. Note that Tr U T = I3 2. Moreover, vertices
in Tp must each have a blue edge to Sg,, and similarly vertices in Tr have each a red edge to Sp,.
Putting this together with (5.16), we obtain

TrUI21 € Nag_p(B,)(SB,) and Tp U 1 2 € Ng_g(R,)(SR,)-

By definition of Tk and since the set Sg, is stable in G — E(R3), we have Sg, C Tgr. So,
because of (5.13),

|Sr,| < |Tr| < [Na—EgB,)(SB,)| — 21

< |SB,| +n —24yn < |SB,|,

and similarly, |Sp,| < |Sr,|, a contradiction. o
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By Claim 5.10 and Claim 5.12 we can assume without loss of generality that Sg, C I3,
Sp, €111, Sp, €112 and S, C I5 2. Thus Claim 5.11 yields the following inequalities
11| < [NG-B(R2) (Sr)| < [SRy| + 91 < 2] + n;
(21| < INa—E(B,)(SB,)| < ISB,| + 90 < |I2 2| +n;
(22| < [No—p(r,)(Sr.)| < |Sr,|+7vn < |I12] +yn; and
12| < |Na-pB,)(SB,)| < |SB, |+ 90 < |I1 1] +yn.

Hence the colouring is (4)-extremal as in Definition 4.1(b), which contradicts our initial assump-
tion. This finishes the proof of Lemma 4.2.

6. COVERING EXCEPTIONAL VERTICES: THE PROOF OF LEMMA 4.6

The proof of Lemma 4.6 goes roughly as follows. We first pick two sparse and pairwise disjoint
families of paths P®dg¢ and PF*° such that P48 supports paths embeddings in the H;’s and P¥x¢
contains the vertices W. We choose the families such that each of their paths connects to one
of the H;’s. This allows Lemma 3.9 to connect these families up to three monochromatic cycles
C = C; UCy U 3. Finally, we adjust the parity of V(G) \ V(C) using either an odd cycle in one
of the H;’s or the fact that otherwise H3 = (3, in which case we can set C3 to be a single vertex.

Before we start, let us formalize what we mean by a path connecting to one of the H;’s.

Definition 6.1 (d-connect). Suppose G is a 2-edge-coloured graph on n vertices and let V =
{V1,...,Vin} be an (g,d)-regular partition of G. Let G be the corresponding 2-edge-coloured
(e, d)-reduced multi-graph. For § > 0, we say that a path P C G, d-connects to H C G,, if both
ends of P have at least §|V,| edges of colour x leading to the same cluster V,, for some x € V(H).

Proof of Lemma 4.6. Let 1/n < ¢,1/m <« d < 8 < 1 such that Lemma 3.9 holds with input
e,d,m,l =m+ 2,n. Let t be the size of the clusters V1,...,V,,.

Claim 6.2. Let S C V(G) be 6-sparse in V. Then there is a family PP49¢ of at most 2m?
monochromatic paths with the following properties:

e the paths of PP4¢ are pairwise disjoint and disjoint from S;

o For each i, the paths of PP%¢ with the same colour as H; support path embeddings in H;;

e cach path of PP49¢ (d/2)-connects to one of the H;’s.

Proof. We choose the paths P®d¢ greedily as follows. For each i € [3], we order arbitrarily the
edges of H;. When we come to the edge pq of H;, we choose a 2-edge path with both ends in V,,
and the middle vertex in V;, which is disjoint from previously chosen paths and from S, whose
end-vertices both have at least dt/2 neighbours in the colour of H; in V. Since at most 2¢t vertices

of V,, do not have degree at least d¢/2 to V, in the colour of H;, and at most 6m? + §|V},| vertices

of V}, are contained in previously chosen paths or in S, we are left with at least %|Vp| vertices

of V}, to choose the endpoints from, and similarly at least %|Vq| vertices of V; to choose the middle
vertex from. Since V,,V; is an edge of H;, by definition of e-regularity there is such a 2-edge path
in the colour of H; as desired. o

The next two claims take care of the exceptional vertices.
Claim 6.3. Suppose that |, ,; V(H;) NV (H;)| > m/3. Let S be §-sparse in' V. Then there is a
family PE*¢ of at most 372 monochromatic paths with the following properties:
o the paths of PF® are pairwise disjoint and disjoint from S;
e the set V(PP*) contains W and is \/5-sparse in V;
e cach path of P¥*¢ (d/2)-connects to one of the H;’s.
Proof. Let us define
z= |J VHEH)NV(H)CV(G), Z=|]V.CV(G).
1<i#£5<3 zCZ
We set r = [4/(]. By assumption we have |Z] > % and hence
121 > (n— Vo) Z1/m > n/3 — en.

So as §(G) > (2/3 + B)n, it follows that degn(w,Z) > pn/2 > 2n/r for any w € V(G). We
partition W by setting Wy := {v € W: deg,.q(v,Z) > n/r} and Wy := W\ W;. For i € [2]



20 P. ALLEN, J. BOTTCHER, R. LANG, J. SKOKAN, AND M. STEIN

define an auxiliary graph A; on vertex set W;, by connecting two vertices v, w € W; if [N;(v, Z) N
Ni(w, Z)| > n/r3. We claim that

(6.1) the independence number of A; is bounded by r.

Indeed, suppose otherwise and let wy, ..., w,y1 be pairwise disjoint non-adjacent vertices in A;.
We then obtain the following contradiction.

21> U Ni(w, 2)

pEr+1]
n
> L ) )
_(7“—|—1)T Z [Ni(wgq, Z) N Ni(wp, Z)|
1<q<p<r+1
r+1 s
212 B -1

This proves (6.1). Now a classic result of Pdsa (see [30]) guarantees that A; can be partitioned
into r; < r disjoint cycles C;1,...,C;,, where we consider edges and vertices to be cycles of
lengths respectively 2 and 1.

To finish, we build from each C; ; a path P; ; of colour i that (d/2)-connects to one of Hy, Hs, Hs,
such that the union of these paths is v/d-sparse in V. In addition to this, we require the paths
P; ; to be pairwise disjoint and disjoint from 5. This can be done greedily as follows. We break
C; ; into a path by removing one edge, and then create P; ; by connecting one after another two
adjacent vertices of this path with a vertex in Z.

To see that we never run out of available vertices in this process, note that by definition of r each
two adjacent vertices in one of the C; ;’s share (3/4)3>n common neighbours of colour i in Z. So
each two adjacent vertices in one of the C; ;’s have at least (3%/8)t > (d/2)t common neighbours
in some cluster of Z. Moreover, the restriction of v/d-sparseness and disjointness renders at most

m-t+2|W|+|S\ < 3Von
Vet
vertices unavailable at any point of embedding.

Finally, note that since there is an edge in C; ; between the first and last vertices w and z of P, ;,
so w and z have at least n/r® common neighbours in Z in colour i. By averaging, some cluster V,,
of Z contains at least t/r3 of these common neighbours. Picking H; ; to be one of Hy, Hy, H3
which contains V}, and is of colour 4 (which must exist since V), is in two of the Hi, Hy, Hs and
these two have different colours by condition (iv) of Lemma 4.6) we see that P; ; is (d/2)-connected
to Hi,j- O

Claim 6.4. Suppose that (i)(b) of the assumptions of Lemma 4.6 holds. Let S be §-sparse in V.
Then there is a family PP* of at most =2 monochromatic paths and a monochromatic cycle Cs
with the following properties:

e the paths of PP* are pairwise disjoint and disjoint from S;
o the set V(PF*) UV (Cy) contains W and is \/§-sparse in V;
e cach path of P (d/2)-connects to H;.

Proof. The proof is very similar to the one of Claim 6.3. Without loss of generality we can assume
that H; is red. We define

Z=V(H)=V(G), Z=|JV.CV(G).
TEZ

By the assumptions we have
1Z] = (n = [Vo])| 2]/t = (1 —e)n.

It follows that degq(w, Z) > (2/3 + /2) for any w € V(G). As before, we us set r = [4/3]. We
can partition W by setting Wy := {v € W: deg,q(v,Z) > n/r} and Wy := W \ W;. For the
set W1 we proceed as in Claim 6.3. For Ws, however, note we now have deg, (v, Z) > (2/3+5/4)n
for every v € Wy. Hence we can greedily construct a single blue cycle C5 for the vertices Ws,
which has the desired properties. O
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Now we can finish the proof of Lemma 4.6. If H; has no edges for some i € [3] we replace it
with H; = (0. Since H; and Hj3 are monochromatic components, and Hs is the union of at most
two monochromatic components, if H; has no edges then it has at most two vertices. So after
this step the assumptions of the lemma still hold with (i)(a) relaxed to [, ,; V(H;) NV (H;)| >
(1/3+~/2)m. Next, if H; = 0 for some i € [2], we take C; to be the empty set. If H3 = () and we
are not in case (i)(b), we also take C3 to be the empty set. (Note that in case (i)(b), C3 plays a
more active role as detailed in Claim 6.4.) In all other cases we construct the C;’s as follows.

Let us first handle the case, where (i)(a) of the assumptions of Lemma 4.6 holds. By assump-
tion (iii), if Hy # (), then Hs is the union of monochromatic components F; and Fy, which admit
bridges (Definition 4.3). Hence there are distinct vertices w,u’ in G, which each d-connect to
both Fy and Fy, and we let PBr48° = {4 v/} be the set of these two one-vertex paths. If Hy = ()
then we set PPidee — (). We fix a family of paths PFIe¢ obtained from an application of Claim 6.2
with § = V(PPdee) Next we fix a family of paths PFX¢ of size at most 52 obtained from
an application of Claim 6.3 with S = V(P¥dse y PBridse). Note that PPBridee y pEdee |y pExe jg
2v/d-sparse in V and contains at most 2 + 2t* + =2 paths.

We partition the paths PFdeey PEX¢ = P; UP, UP; such that each path in P; is (d/2)-connected
to H;. For Hy we partition Py = Pa 1 UPs o further such that each path in P ; is (d/2)-connected
to F;. To finish we apply Lemma 3.9 to connect the P;’s up to three monochromatic cycles. At
this point it is important that Hy, Hs, F}, F3 are monochromatic connected subgraphs.

For H; we orient the paths of P; arbitrarily and then choose an arbitrary cyclic order of P;.
We then use Lemma 3.9 to connect one of the dm neighbours of the end of each path of P; with
one of the dm neighbours of the start of the next path of P; (in the chosen order). Note that
since H; is a connected graph on at most m vertices, any such connection requires a path with
at most m + 1 vertices. This way we obtain the cycle C; and similarly C5. For Hy, we want to
use the paths PBridee. So for each j € [2] we orient the paths of Py ; arbitrarily, then choose an
order on the paths of Py ; which starts in a cluster with many colour-H>-neighbours of u. We
then proceed as before to obtain the cycle Cy, except that after connecting the paths of Ps ; we
add one further connecting path to a colour- Ha-neighbour of u’.

Recall that PBridgey pEdge | pExc ig 91/§_sparse in V and contains at most 2+ 24 + 32 paths.
Since each of the application of Lemma 3.9 yields a path of order at most 2t? and (2 + 2t* +
B=2)2t2 < V/om, it follows that C' = C; U Cy U Cy is (3v/8)-sparse in V. Hence by setting S to
contain the vertices of all paths chosen so far in each of the above applications of Lemma 3.9, we
can guarantee that the C;’s are vertex disjoint.

It remains to ensure that V(G) \ C has even size. So suppose this is not the case. If each of
the H;’s is bipartite, then Hz = () by assumption and so C5 = (). In this case we set C5 = v for
some unused vertex v € V(G)\ V(C). On the other hand, suppose, F say, has an odd cycle. Note
that this implies that F} contains walks of any parity between any two vertices. Let P be one of the
paths obtained by Lemma 3.9 and which connects two paths of P5 ;. We use Lemma 3.9 to swap P
for a path P’ whose order has the opposite parity to that of P. Then C' = C; UC;UC3\ PUP’
has the desired parity. The cases where Hy, Hs, or F; have an odd cycle are handled the same
way. This finishes the proof for the case (a).

Now assume that (i)(b) of the assumptions of Lemma 4.6 holds. We proceed very similarly.
The main difference is that the paths returned by Lemma 6.4 correspond only to H; and Ha, i.e.
P3 = 0. So for Hy, Hy we can proceed as in the case of (a) and obtain cycles C;, Co. Finally, we
take C3 to be the cycle returned by Lemma 6.4, which is possible as by (b) we have Hs = (. Tt
remains to ensure that V(G) \ C has even size. As in case (b) we are guaranteed that Hy or Hy
contains an odd cycle, we may swap a path P for a path P’ whose order is of the opposite parity
as we did in case (a) to obtain a set of cycles of the desired parity. O

7. BALANCING: THE PROOF OF LEMMA 4.7

In this section we prove Lemma 4.7. The idea is simple. First we set some t. equal to one and
others to zero such that the shortfall at each vertex is even. Then we create an auxiliary graph
H'’ obtained by blowing up each vertex of H to exactly half its shortfall number of vertices, and
find a 2-matching in H’; this tells us how much to increment each t. by.

Proof of Lemma 4.7. Suppose t > m/~ and let H be a connected m-vertex graph that is y-robust
Tutte. For a vertex ¢ in H denote by F; the set of edges in H such that i € e.
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We start with adjusting parity for ¢ by defining w, for e € E(H) such that ¢; — ZeGEi Te 1S
even. For this purpose let T' be an arbitrary spanning tree in H with root r. The idea is that for
the leaves i of this tree, the value 7. for the single edge e containing ¢ will adjust the parity of ¢;.
Then we will work upwards from the leaves to the root, iteratively adjusting the parity of ¢; for
a vertex i by appropriately setting 7. for the unique edge e containing ¢ in the path from 7 to r.
How we set this 7. depends on the value of the 7., for the other edges containing ¢ that we set
previously.

Formally, for each ij = e € E(T) with j closer to the root than ¢, let X (e) denote the set of
vertices of the component of T'— e that contains i. If e & E(T') then we set m, = 0. For e € E(T)
let me = (3 jcx(e) tj) mod 2. We have for each i € V(H) that

(71) ti— Zﬂ'e:ti— Z We:ti— Z (( Z tj> mod 2).
eek; ecE(T)NE; ecE(T)NE; jeX(e)

Now, let eq,...,es be the edges in F;, where e; is the unique edge among these such that j is
closer to the root than i. Observe that we have X (e;) N X (ep) = ) for each 2 < ¢ < ' < s and
X(e1) = {i} Uy, X(eg). This implies that in the last sum in (7.1) the terms appearing are
exactly the following: The term ¢; appears once, and for each j € X(e1) \ {i} the term ¢; appears
twice. We conclude that the quantity 2n; := t; — Zee g, Te 1S an even integer, so that n; is an
integer. Since ¢ > 5m/y we have |E;| < m < 4t/5 for each i, and so because t; = (14 )t we get
n; = (1£ 27)t/2.

In the second part of this proof, we will define non-negative integers ¢/ such that

(7.2) >t =2n;.

eckE;
This suffices to prove the lemma since setting t. := t + 7. gives non-negative values such that
ZeeEi te = 2n,; + ZeeEi me = t; as desired.
For obtaining these ¢!/, consider the graph H’ obtained from H by blowing up each ¢ into an
stable set W; of n; vertices, and replacing edges with complete bipartite graphs. Let S’ be a stable
set in H'. We aim to show |Np/(S)| > |S’|. Without loss of generality, we can assume S’ is a
union of the blow-ups of some vertices S € V(H) (otherwise we can add any vertices missing from
such a blow-up to S’ without changing the left hand side), where S must be a stable set in H.
Then, since H is «y-robust Tutte, we have

Va0 = Y0 mi > (1= 3§ |Nu(S)|

i€ENg(S)
5 + 1—%"}/ / /
> (1= 2N +73I8] = T3 1+ IS 2 151,
1+ £y

where the last inequality uses v < % Thus by Theorem 3.2 there is a perfect 2-matching M

in H'. For e = ij € E(H), recall that W; x W; is the blow-up of this edge in H’. Now set
t .= Zfewixw,- w(f), where w(f) =2 if e is on an edge of M, w(f) =1 if e is on a cycle of M,
and w(e) = 0 otherwise. We have

D=2 D W= > wl)=n-2,

eckE; ijEE; fEW; xW; weW,; feEE(H'): wef

where the last equality uses that |W;| = n;, the definition of w and the fact that M is a perfect
2-matching. Thus we obtain (7.2), as required. O

8. EXTREMAL CASES: THE PROOF OF LEMMA 4.4

For the proof of Lemma 4.4 it is natural to distinguish two cases corresponding to the two cases
in the definition of extremal colourings. For both cases we choose

I/nge,l/m<d<y <K f,

suitable for various estimates and we suppose G is a graph on n vertices with minimum degree
0(G) > (2/3+ B)n whose edges are coloured with red and blue, and with a coloured (e, d)-reduced
multi-graph G on m vertices corresponding to an (e, d)-regular partition V = {V1,...,V,,} of G
with exceptional set V. By (3.3) we have

5(9) > (2/3+ B/2)m.
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Further, we let G’ be the “cleaned” coloured subgraph of G on vertex set V(G) \ Vj corresponding
to the (e, d)-reduced graph G with properties as guaranteed by Lemma 3.8: In particular, each red
(blue) edge of G’ is in some pair (V;, V;) such that ij is a red (blue) edge of G. Further, let G” be
the spanning subgraph of G which coincides with G’ on V(G) \ V; and has all G-edges incident
to vertices in V. Clearly,

5(G"),8(G") > (2/3+ B —2d —e)n > (2/3+ B/2)n.

8.1. Case 1: A colouring as in Definition 4.1(a). We start with the case that the coloured
reduced multi-graph has one spanning bipartite connected red component, and exactly two blue
components and these are bipartite as well and do not admit bridges.

Proof of Lemma 4.4 when G has a colouring as in Definition 4.1(a). Let R be the spanning, red
say, bipartite component of G with bipartition classes Xg and Yg. As the colouring is (4+)-
extremal we have || Xg| — |Vr|| < 4ym and hence

(8.1) m/2 — dym < |Xg|,|Yr| < m/2 + 4ym.

Set Xp := UieA’R Vi and Yy := UieyR V;. In particular, any vertex x in Xg (in Yg, respectively)
sends red edges in G’ only to vertices in Yg (in Xg, respectively) and blue edges in G’ only
to vertices in X (in Y, respectively). Let B; with j = 1,2 be the bipartite blue components
of G with bipartition classes X'g,,Yp,. Suppose that V(B1) = Xr and V(B2) = V. Let Xp, :=
UieXB, Viand Yp, := UieyB,. V; for j = 1,2. Thus {Xp,,Ys, } is a partition of Xg and {Xp,, Y5, }
is a pajrtition of Yg. ’

Let us next estimate the sizes of the Xp,, Vp,. By (8.1), we have

deggy (2, Xr),degg (v, Xr) > (1/6 4 47)m

for any z,y € Xp. If zy is additionally a (blue) edge, then bipartiteness implies Ne;  (x, Xr) N
Ney, (y,Xr) =0 and hence

(8.1)
(5.2) X, Vo] < Xl — (1/6+ 49)m < m/3.
By symmetry we also have |Xg,|, |Vp,| < m/3. We conclude for j = 1,2 that
(8.3) | X5,|,1YB,| <n/3.

We next distribute the exceptional vertices in Vj as follows. We let
Xp={veV(G): deggr (v, Yr) < 3561},
Vi ={v e V(G): deggy (v, XR) < 156n}.

e

Clearly, Xp C X} since vertices in Xpg send no blue edges to Yz in G’ (and hence in G”);
analogously, Yz C Y},. By (8.1) this implies

(8.4) n/2 —5yn < | Xz, YLl <n/2+5yn.

Moreover, since by assumption (B1, Bs) does not admit bridges, V(G) \ (X U Y}) contains at
most one vertex; call this vertex z* if it exists, and otherwise we say z* does not exist.

Without loss of generality suppose that |Xy| > |Y}|. Our goal is to use two blue cycles to
cover | Xp| — |Y}| vertices in X}, and the vertex z*, and to use a red cycle to cover all remaining
vertices. We now prepare for this be establishing some further degree bounds. By definition, any
x € X, and y € Y}, satisfy

deggr (,Yg) > (5 + 58)n — | Xg| — f58n — 1
(8.5) > (5 +58n—(3+57)n—156n —12> (5 +18)n,
deggr (4, Xg) > (5 + 38)n.
For v € Xp and y € Yg we know even more: The vertex x is either in Xp, or in Yp,. In the
former (latter) case it sends all its G”-edges in X to Yp, (to Xp,). This together with (8.3) (and
an analogous argument for y) gives
deggr (2,Y4) > (2+18)n— [V, | — Vol — 8n—1
(8.6) > (34 18)n.
deggr (y: Xp) = (5 + 38)n.
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Concerning blue edges incident to z € Xi and y € Yr we know
(8.7) deggy (,Xp) > (2+ 18— Vil — Vol = ( + 2B)n.

Let us now construct our three cycles. We first construct a blue cycle Cy with V(Cs) C Xg, of

length

20 =2[(| X% — |YA])/2] <10yn+1 < 11yn.

For this, observe that the blue bipartite graph F' = GY,,.[X 5, , YB,] has partition classes of size at
most n/3 by (8.3) and minimum degree at least (3 + $8)n by (8.7). Hence, picking an arbitrary
vertex * € Xp, we can greedily construct two paths P;, P, with ¢ — 1 edges starting in z
which are otherwise vertex-disjoint. Let y; be the endpoint of P; and y, the endpoint of Ps.
Clearly, y1 and ys are in the same partition class of F' and thus have a common neighbour 2’ in
V(F)\ (V(P1) UV (P)) since v < . Thus, P, P, and 2’ give the desired blue cycle Cy on 2/
vertices.

Our second cycle is also blue, and takes care of parity and the vertex z* if it exists. If | X} \
V(Cq)| = |Y4 \ V(C2)|, we set C3 := z* (a one-vertex cycle) if z* exists, and if 2* does not exist
we let C3 be the zero-vertex cycle. If | X5 \ V(Cy)| = |Y5 \ V(C2)| + 1 and z* exists, then we
choose y € X, \ V(Cs) such that yz* is a blue edge (which exists by definition of z*) and let C3
be the 2-vertex blue cycle (y,z*). Finally if | X% \ V(C2)| = [Y} \ V(C2)| + 1 and z* does not
exist, we choose any y € X5 \ V(C2) and let C3 be the one-vertex blue cycle z*. Hence we have
X \V(C2UCs)| = [YR \ V(C2 U Cs)l.

To finish we claim that H = Gl ;[ X5 \ V(C2UCs), Y} \ V(C2 U C3)] has a Hamilton cycle Ch.
This follows from Corollary 3.5. Note that the degree conditions are fulfilled, because §(H) >
(1/6 + 8/10)n by (8.5), and all but at most en vertices of H have degree at least (1/3 + 5/10)n
by (8.6). O

8.2. Case 2: A colouring as in Definition 4.1(b). In the second case, the reduced graph has
two red and two blue components, and there are neither bridges in red nor in blue.

Proof of Lemma 4.4 when G has a colouring as in Definition 4.1(b). We denote the red and blue
components of the reduced multi-graph G by R1,Ro and By, B; and suppose that there are no
red or blue bridges. We set Z; ; = V(R;) N V(B,) for i,j € [2]. We may assume that all but at
most \/ym vertices Q; ; C V(R;) NV (B;) have more than /ym red neighbours in V(R;) NV (B;)
if i = j and more than ,/ym blue neighbours otherwise. Let I; ; = UxeL,j\Qi,j V, for i,j € [2]
and Vg =VoUU,eo, , Va- We have

(8.8) (1/4 =5y7)n < (1 = &)|Zi jIn/m < |1; ;] < |Zi jln/m < (1/4 + 5y/)n,
(8.9) Vol < Vol +4|Qi jIn/m < en + 4,/yn < 5y/yn.

For i,j € [2] and any vertex v € I, ;, all G'-neighbours of v in I3_; ; are blue, all G’-neighbours
of v in I; 3_; are red, v has no G'-neighbours in I3_;3_;, and all G’-neighbours of v in I; ; are
blue if ¢ = j and red otherwise. This implies the following neighbourhood profiles of vertices

in Ui,je[Q] L.
Claim 8.1. For each i,j € [2], every vertex v € I; ; we have
degg, (v, I3—;) = (1/6 4+ B/2)n,
deggr (v,1i3—;) = (1/6 4+ B/2)n,
degc (v, Ts5) = (1/6.+ B/,
where ¢ is blue if i = j, and c is red otherwise.

Proof. We will show the third part for a vertex v € I; ;. The other cases follow by analogous
arguments. By (8.9), all but [Vg| < 5,/yn vertices of G are covered by |J; j¢9 fi,j- Suppose that
v €V, for some x € Z; ; \ Q1,1. By definition of Q; 1, it follows that |Ng _,(z) N Zi 1| < /An.
Moreover, we have |V,| < n/m for each y € Z; ;. This and (8.8) implies that

degg, (v,11,1) = (2/3+ B)n — [[12| = [I2,1] = 5y/yn — /ym - n/m
0 > (1/6+3/2)n.
Note that since (Ri,R2) does not admit red or blue bridges, there is at most one vertex

xtq € Vg with dn red G”-neighbours in I1 1 Ul 5 and dn red G”-neighbours in I 1 Ul 5. If there
is no such vertex, we say x} , does not exist. Similarly, there is at most one vertex 7}, € V§
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with dn blue G”-neighbours in I1 ; U I2; and dn blue G”-neighbours in I 5 U Iz 2, and if there
is no such vertex we say zj,,, does not exist. Let X* be the set containing the existing vertices
among x4 and zf, . (so 0 <|X*| <2).

We shall next distribute the exceptional vertices in V.

Claim 8.2. We can partition the vertices of Vi \ X* into sets {I; ;}; jej2) (of size at most 5\/yn)
such that every v € sz’j satisfies

deggr (v,15-i5) = (1/6 + B/2)n, deggn (v, Liz—;) = (1/6+ 8/2)n.

Proof. Let v € Vyj \ X*. Suppose that v has at least 2dn neighbours in each I, ; with 4, j € [2],
so that v sends at least dn edges in one or the other (or possibly both) colours to each I; ;. If
there are three or more I; ; such that v has dn or more red neighbours in each, then by definition
we would have v € X™; the same holds for three or more I; ; such that v has dn or more red
neighbours in each. It follows that there are some two I; ; to which v sends less than dn red edges,
and because v is not in X* these two sets come from a blue component, namely they are I ;
and I ; for some j € [2]. Now v must send more than dn red edges to each of the sets I3
and Io3_;. But these two sets are in different red components, so v € X*. This contradiction
shows that there are 4, j € [2], such that deg(v, I; j) < 2dn. Moreover, all but [Vj| < 5,/n vertices

are covered by |J; jeg 1i.j- By (8.8), this implies that v has at least

(2/3+B)n —2(1/4+5\/7)n —2dn — 5\/An > (1/6 + 5/2)n
neighbours in each of Is_; ; and I; 3_;. As v ¢ X*, we cannot have that v sends dn red edges to
both I; 3_; and I3_; ;, nor at least dn blue edges to both. Thus all but at most dn edges from v

to I; 3—; are of one colour, and all but at most dn edges from v to Is_; ; are of the other colour,
and we can add v either to I; ; or to I3_; 3 ;. o

Now set J; ; = I; ; U I} ; for 4,5 € [2]. Note that by definition the sets .J; j, together with X*,
partition the vertices of G. Observe that by (8.8) and Claim 8.2 we have

(8.10) (1/4=5ymn < [ Jij| = L]+ ;| < (1/4+5y7)n +5y/n < (1/4+10y/7)n.

Suppose |J1,1| > |J2,1]. Then either we find a partition of V(&) into three cycles, or G has one of
two rather special structures. This claim, together with a short case distinction, is enough for Case
2: the claim (with sets J; ; and colours changed appropriately) applies equally if |Ja 1] > |J22],
and so on; and we will argue that in at least one of these four situations we do find the cycle
partition. Let us now state precisely what structural information we obtain.

Claim 8.3. Suppose |J1,1| > |J2,1|. Then one of the following three statements holds.
(i) There are three cycles in G, two blue and one red, whose vertex sets partition V(G).
(ii) xt,, exists and has less than Ldn neighbours in Ji 2, and |Ji 1| = |Jo1].

(iii) xt., exists and has less than Sdn neighbours in J1 5, and |Jy 1| = |J21|+ 1, and either 3,
does not exist or it exists and has less than %dn blue neighbours in Ja 1.

Before we prove this claim, we explain why it is enough to complete the proof of Case 2 of
Lemma 4.4. To begin with, we may suppose without loss of generality that J; ; is of maximum
size among the J; ;. Then Claim 8.3 (as written above) applies. Either we are done, or G has one
of the structures described in (ii) and (iii) above. We distinguish these two separate cases. Note
that in both situations z}., exists and has less than %dn neighbours in J; ». We will only need to
use the extra structure given by (iii) at this point; within the following two cases, when we apply
Claim 8.3 we will simply conclude that either we obtain a cycle partition, or the two sets differ in
size by at most one and z},,; exists and has less than %dn neighbours in Jj 2.

Case 2.1: Suppose z,, exists and has less than %dn neighbours in Ji 9, and |J11| = |J21].
Because J; 1 is maximum size, we have |Jo 1| > |J2 2|. This means we can again apply Claim 8.3.
Either we obtain the desired cycle partition, or |Ja 1| = |J2,2], or |J21] = |J2,2| + 1. Either way,
we have that zj,,, exists and has less than %dn neighbours in Joo. If [Jo 2| > |J1,2| we can yet
again apply Claim 8.3, and it necessarily returns a partition into three cycles, since otherwise x}.4
must have less than %dn neighbours in both J; o and Js 1, which violates the minimum degree
condition of G. We have |J2 2| > |J1,2| except when |Jo 1| — 1 = |Ja2| = |J1,2] — 1, so it remains
to consider this final possibility. In this case we have |Ji 2| > |J1,1] (in fact, with equality). That
means we can yet again apply Claim 8.3. Again it necessarily returns the desired partition into



26 P. ALLEN, J. BOTTCHER, R. LANG, J. SKOKAN, AND M. STEIN

three cycles since otherwise we are told that zj,,, has less than 1dn neighbours in J5 5. Since we

already know it has less than %dn neighbours in J;; this violates the minimum degree condition
of G.

Case 2.2: Suppose that z},, exists and has less than Jdn neighbours in Jy 2, and |Jy1| =
|J2,1] + 1, and either zf,, does not exist or it does exist and has fewer than %dn blue neighbours
in Jy 1. If 2}, exists, then it links B; and By in blue, so it must have at least %dn blue neighbours
in Jy,;1. The point is that either zj,, does not exist, or it does but has at least %dn neighbours
in Ji ;. This means that if |.Jo 1| > |J2 2|, then Claim 8.3 necessarily returns the desired three-cycle
partition and we are done. Thus we have |Jz1| < |J2.2|, and this is only possible if |J2 2| = |J1,1]-
So Jo2 is of maximum size, and we have |Ja 2| > |Ji 2|, which is what we need to apply Claim 8.3.
As in Case 1, we must obtain a three-cycle partition, since otherwise z* ; violates the minimum
degree condition on G.

What remains to do is to show that Claim 8.3 holds. There are a few ways we might obtain
the required cycle decomposition; in any case, the first thing we need to do is construct a suitable
red cycle, and the following claim provides several possibilities for this.

Claim 8.4. The following three types of red cycle Creq are in G.
o Creq is contained in Jy 5.

o ifx7 , has at least %dn red neighbours in Jy 2, then Chreq contains x,, and its remaining vertices
are in Ji 2.

*

e if x},, has at least dn red neighbours in Jy 1, then Creq contains a7,

its remaining vertices are in Ji o.
Furthermore, in each case we have |V (Chreq)| < 20,/9n, |J172 \ V(Cmdﬂ < |Jz2| — 2. Additionally,
for each ¢ € {red, blue}, if x% exists and has more than 100 blue-neighbours in Jy 2, then V(Cieq)
covers at most half of the blue-neighbours of x in Ji o.

two vertices of Ji,1, and

Proof. For the first type of cycle, we pick an edge wu' in I » and let P be the path (u,v’). For
the second, we choose two distinct red neighbours w, v’ in I o of 2% 4 and let P = (u, x4, u’). For
the third, we pick two distinct red neighbours v, v’ of x ; in I 1, let u be a red-neighbour of v
in I 2, and u’ # u be a red-neighbour of v in I 9, and set P = (u,v,z} 4,7, u'). In each case,
we have a path P on at most five vertices whose ends are in I 5.

We now extend P to the desired cycle Cieq as follows. We first let S* be a vertex set con-
taining V(P), together with some other vertices as follows. For each ¢ € {red,blue}, if x*
has between 100 and T’BO blue-neighbours in Jj 2, we add an arbitrary half of them, not con-
tained in P, to S*; this is possible since P contains at most five vertices. In total we have
1S*| < 2585 +9 < fo5. We let £ = max (2,2 + |Ji2| — [J2,2]). By Claim 8.1 we have
deggr (u,I12),deggr (u,12) = (1/6+ B/2)n. Since |I1 2| = (1/4£5,/7)n by (8.8), this implies
that v and ' have a common neighbour u; in I 2 \ (S* U {u,w'}, hence we get a path u,uq,w
of length ¢ = 2. We can then repeat this argument to get a common neighbour us of u; and v’
in I 2\ (S* U {u}) and hence a path u, u1, us,u’ of length £ = 3, and so on. In general we thus
obtain a path w,uq,...,us_1,u’ of length ¢ by extending the path of length £ — 1 by finding a
common neighbour uy_1 of up_o and v’ in I 2 \ (S* U{u,ug,..., ug,g})7 which we certainly can
do since by (8.10) the difference in size between Ji 3 and Jy 5 is at most 15,/4n, so £ < 17,/7n.

We claim this Cieq has all the required properties. What remains to check is that |V/(Cieq)| <
20,/n, that |J1,2 \ V(C’red)| < |Ja2,2] — 2, and that it does not cover too many blue-neighbours
of the vertices of X*. The first two of these follow by definition of £. So we need to check Clieq
does not cover too many blue-neighbours of the vertices of X*. If % € X* has less than 100
blue-neighbours in Jj 2, there is nothing to check. If z} has between 100 and {75 blue-neighbours
in Jq 9, then at least half are in S* \ V(P) and hence not covered by Cieq as desired. If z} has
more than {555 blue-neighbours in Ji 2, then at most [V/(Creq)| < 20,/yn are covered by Cieq,

1000
which is less than half as desired. o

Next, we need to construct the two blue cycles covering the vertices left over after Creq is
constructed. We need one cycle contained in Jy ;1 U Jo 1 U X* and another in J; o U Jao U X™.
These two sets satisfy the same conditions, and the following lemma applies to both (though we
state it for Jy 1 U Jo1 U X*). Since at this point Cheq is not fixed (Claim 8.4 above gives several
possible constructions) we simply avoid a vertex set S of size at most 20,/yn.
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Claim 8.5. Let S be a set of at most 20\/yn wvertices. Choose any (possibly empty) disjoint
subsets A, B C X*\ S with the following property: x¥ may only be in A if it has at least édn
blue-neighbours in Jo1 \ S, and x} may only be in B if it has at least %dn blue-neighbours in
Ji1\S. Suppose that

’AUJl,l \S‘ > ‘BUJQ’]_ \S’
Then there is a blue cycle in G whose vertexr set is (A UBUJ 1 U J271) \S.

Proof. We begin by constructing disjoint blue paths outside S greedily as follows. Given a vertex x
of A, choose two blue-neighbours in I3 1\ S, giving a three-vertex blue path containing  with ends
in I3 1\ S; extend this to a five-vertex blue path with ends in I; ;1 \ S by choosing blue neighbours
in I;; \ S. This is possible by the condition on A, since |J; ;| < |I; ;| + 5\/9n, and by Claim 8.1.
Given a vertex x of B, we create a three-vertex blue path containing = with ends in I 1 \ S by
simply choosing two blue-neighbours of x in I ; \ S. Observe that at each step we have more
than 10 choices for the next vertex to pick; since |AU B| < 2 the paths we construct have in total
at most 10 vertices, so we can perform the construction vertex-disjointly.

At this point we have |A U B| disjoint blue paths with ends in Iy ; \ S. If this is zero paths,
choose a blue edge uu’ from I; 1 \ S to Io1 \ S and let P = (u,u’). If it is one path, let u be
one end and let u’ be a blue-neighbour in I \ S not used on the path: this gives a blue path P
from u to u’. If it is two paths, suppose they go from u to v and v’ to v"”. Choose a common
blue-neighbour w of v and v’ in Iy \ S, and a different blue neighbour v’ of v" in I5; \ S, which
are not used on the paths: this gives a blue path P from u to u/. Each of these constructions is
possible by Claim 8.1. In any case, P uses the same number of vertices in J;; UA asin Jo ;1 U B.

We now apply Lemma 3.7 to find a blue path from u to v’ covering what remains of J; 1\ .S and
J2,1\ S. Specifically, the two sets we need to find a Hamilton path in are (J11\ (SUV(P))) U{u}
and (J2,1 \ (SUV(P))) U{u'}, with I{ ; \ (SUV(P)) the vertices which do not necessarily have
many blue neighbours in J; ;. The required degree conditions hold by Claims 8.1 and 8.2, and
since S is small. By assumption V(P) covers an equal number of vertices in AU Jy 1 \ S and
BUJ31\ S, so that

|(J1,1 \ SuU V(P)) U {'LL}| Z |<J2,1 \ SuU V(P)) U {’LLI}|
as required. 0

We are now in a position to prove Claim 8.3, which we do by considering a few cases depending
on which exist of, and the coloured neighbourhoods of, z}.; and zj,,..

Proof of Claim 8.5. To begin with, suppose that x}.; does not exist. We apply Claim 8.4 to find
a red cycle Ccq contained in Jj o satisfying the properties listed there. We apply Claim 8.5, with
S = A= B =0, to find a blue cycle on vertices J1,1 U J21. We now want to apply Claim 8.5 a
second time, with S = V(Cieq), to find a cycle on vertices X* U Jy o U J1 2\ S. To do this, we
assign xj )., if it exists, to one of A and B such that the condition of Claim 8.5 is satisfied. This
is possible for the following reason. If x}, . exists, it links the blue components and in particular
has at least dn blue neighbours in J; o U Ja 2. So it has at least %dn blue-neighbours in one of
these sets, and so (by Claim 8.4) in must have at least 1dn blue-neighbours in one of Ji 5 \ S
and Jo 2. These three cycles form the desired partition.

A very similar argument handles the case that z,, exists and has 1dn red neighbours in J o;
under this condition Claim 8.4 allows us to choose Creq contained in Jy o U {z} 4} covering z¥ 4,
and we then obtain the remaining two blue cycles as above verbatim.

Again, if z} , exists and has idn blue neighbours in Jj 2, we can perform a similar argument
to the first. We obtain Cieq contained in J; 2 and a blue cycle on vertices Jy ;1 U Js 1 exactly as
there; we obtain a blue cycle on vertices X* U Js 2 U J; 2\ V(Crea) by following the same argument
as above, except that we add )., to A.

If z},, exists and has %dn neighbours in Jj 2, at least half are red or half are blue and so one
of these two cases occur.

We are left to consider the case that 7,4 exists but has fewer than 2n neighbours in J; 5. Since
x4 by definition has at least dn red neighbours in J; ; U J; 2, in this case x},4; must have at least
%dn red neighbours in Jj ;.

Suppose first that |Jq,1] > |J2,1|+2. We apply Claim 8.4 to find a red cycle Creq whose vertices
are in Jy 2, apart from two in Ji; and z,,, satisfying the properties listed there. We apply

red’

Claim 8.5, with S = V(Cleq) and A = B = (), to find a blue cycle on vertices Ji 1 U J2 1\ V(Crea)-
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We now want to apply Claim 8.5 a second time, with S = V(Cieq), to find a cycle on vertices
(X*\{zlg}) UJ22UJ12\ S. To do this, we assign zj,,,, if it exists, to one of A and B such
that the condition of Claim 8.5 is satisfied; this is possible for the same reason as in the first case
above. These three cycles form the desired partition.

If |J1,1] = |J2,1], then we have the structure described in (ii).

Finally, suppose |J11] = |J2.1] + 1. If &, does not exist, or it exists and has less than %dn
blue neighbours in Js 1, we have the structure of (iii). So we only need to show that if zf . exists
and has at least %dn blue neighbours then we obtain the desired three-cycle partition. We do this
as follows. We first use Claim 8.4 to find a red cycle Cieq which contains x4, two vertices of
J11, and vertices of Jy 2 such that |J12 \ V(Crea)| < |J2,2] — 2. We now apply Claim 8.5, with
A = B =0, to find a blue cycle covering (J1 2 U J22) \ V(Creq). We apply Claim 8.5 again, with
A = {z}),.} and B = 0, to find a blue cycle covering (AU Jy1 U Ja1) \ V(Creq); this second
application is possible since |[AU J1 1 \ V(Creda)| = |J1,1] =2+ 1 = |J2,1|. This gives the desired
partition into three cycles. 0

As explained above, Claim 8.3 completes the proof. O

9. CONCLUDING REMARKS

There are several natural questions arising from our result. First of all, we believe that the
error term [ in Theorem 1.1 can be removed, as conjectured by Pokrovskiy [34]. However, this
will likely require a careful and technically difficult analysis of the underlying extremal cases.

One might also ask how many monochromatic cycles are necessary to partition a graph with
minimum degree below 2n/3. Kordndi, Lang, Letzter and Pokrovskiy [21] showed that r-edge-
coloured graphs of minimum degree n/2 + Q(logn) can be covered with at most O(r?) disjoint
monochromatic cycles. This is essentially tight in terms of the degree condition, as with a minimum
degree bound below n/2 + O(logn/loglogn) there are colourings where the number of cycles can
no longer be bounded in terms of r. On the other hand, it is not known up to which minimum
degree one can always partition into four monochromatic cycles.

Problem 9.1. Determine the smallest § > 0 for which every 2-edge-coloured graph G on n
vertices and §(G) > dn can be partitioned into four monochromatic cycles.

An old theorem of Ore [32] states that every graph on n vertices contains a Hamilton cycle,
provided the graph satisfies deg(x)+deg(y) > n for every two non-adjacent vertices x and y. Barét
and Sarkozy [5] asked whether something similar is true for monochromatic cycle partitions. They
conjectured that any red and blue edge-coloured graph G on n vertices can be partitioned into a
red and a blue monochromatic cycle, provided that deg(z) + deg(y) > 3n/2 for every two non-
adjacent vertices x and y. In support of their conjecture, they proved that under the stronger
assumption deg(x) + deg(y) > (3/2 + o(1))n almost all vertices can be covered. We believe that
our techniques are suitable to provide a covering of the remaining vertices.

Problem 9.2. For § > 0 and sufficiently large n, prove that any red and blue edge-coloured
graph G on n vertices can be partitioned into a red and a blue monochromatic cycle, provided
that deg(z) + deg(y) > (3/2 + B)n for every two non-adjacent vertices z and y.

Very recently, Arras [3] considered an approximate analogue of this problem for three cycles:
He proved that if deg(z) + deg(y) > 4/3n + o(n) for each pair of non-adjacent vertices = and y,
then all but o(n) vertices can be partitioned into three monochromatic cycles. Note that this is
an (approximate) generalization of our main result.

It would also be interesting to determine what happens if we have more than 2 colours. That
is, we would like to know which minimum degree conditions guarantee a partition of an r-edge-
coloured graph into f(r) monochromatic cycles, where f(r) is some function. In this direction,
Koréndi, Lang, Letzter and Pokrovskiy [21] showed for any fixed § > 1/2 and growing r, there are
families of n-vertex graphs of minimum degree dn that cannot be partitioned into fewer than €(r?)
monochromatic cycles. (In contrast to this, the complete graph can be partitioned into O(rlogr)
cycles [15].) However, it is not clear what happens for smaller r. For instance, for » = 3 it might
be possible to show an analogue of our main theorem with one more colour and one more cycle.

Conjecture 9.3. Any 3-edge-coloured graph on n vertices and of minimum degree at least 3n/4
can be partitioned into 4 cycles.
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This would be tight, as the following easy example shows. For m € N, consider the graph on
sets A, B, C, D, with |A| = |C| =m+ 2, |B] =m, |D| = m+ 1, having all edges except the ones
inside B, inside D, and between A and C. Colour all edges inside A, inside C, and between B
and D red, colour all edges between A and B, and between C' and D green, and colour all edges
between A and D, and between B and C blue. This graph has n = 4m + 5 vertices, minimum
degree 3m+2 = |3n/4] — 1, and cannot be partitioned into less than four monochromatic cycles.

Pésa proved that a graph G with degree sequence d; < --- < d,, and d; > i for every i < n/2
contains Hamilton cycle. We believe that the following analogue of this result for monochromatic
cycle partitions is true. Very recently, Arras [3] obtained an approximate solution for this in the
case r = 2.

Conjecture 9.4. There is a function f with the following property. For f > 0, r > 2 and
n sufficiently large, let G be a graph with degree sequence dy < --- < d,, such that d; > ¢ +
Bn for every i < n/2. Then every r-edge-colouring of G admits a partition into at most f(r)
monochromatic cycles.

Finally, recent contributions in extremal combinatorics have been concerned with finding suf-
ficient conditions for spanning substructures that are in some sense ‘closer’ to being necessary
than assumptions on the minimum degree [8, 17, 18, 25]. It would be very interesting to determ-
ine whether similarly abstract properties can be identified for monochromatic cycle partitioning,
although we do not have a concrete suggestions of how such properties may look like.

REFERENCES

1. P. Allen, Covering two-edge-coloured complete graphs with two disjoint monochromatic cycles, Combin. Probab.
Comput. 17 (2008), 471-486.

2. P. Allen, J. Bottcher, H. Han, Y. Kohayakawa, and Y. Person, Blow-up lemmas for sparse graphs,
arXiv:1612.00622, 2016.

3. P. Arras, Ore- and Pdsa-type conditions for partitioning 2-edge-coloured graphs into monochromatic cycles,
arXiv:2202.06388, 2022.

4. J. Balogh, J. Bardat, D. Gerbner, A. Gyéarfds, and G. N. Sarkozy, Partitioning 2-edge-colored graphs by mono-
chromatic paths and cycles, Combinatorica 34 (2014), no. 5, 507-526.

5. J. Barat and G. N. Sarkozy, Partitioning 2-edge-colored ore-type graphs by monochromatic cycles, J. Graph
Theory 81 (2016), no. 4, 317-328.

6. S. Bessy and S. Thomassé, Partitioning a graph into a cycle and an anticycle: a proof of Lehel’s conjecture,
J. Combin. Theory Ser. B 100 (2010), 176-180.

7. V. Chvétal, On Hamilton’s ideals, J. Combin. Theory Ser. B 12 (1972), 163-168.

8. B. Csaba, D. Kiihn, A. Lo, D. Osthus, and A. Treglown, Proof of the 1-factorization and Hamilton decompos-
ition conjectures, Mem. Amer. Math. Soc. 244 (2016), no. 1154, v+164.

9. L. DeBiasio and L. Nelsen, Monochromatic cycle partitions of graphs with large mintmum degree, J. Combin.
Theory Ser. B 122 (2017), 634-667.

10. M. Elekes, D. T. Soukup, L. Soukup, and Z. Szentmikléssy, Decompositions of edge-colored infinite complete
graphs into monochromatic paths, Discrete Math. 340 (2017), no. 8, 2053—-2069.

11. P. Erdés, A. Gyérfas, and L. Pyber, Vertex coverings by monochromatic cycles and trees, J. Combin. Theory
Ser. B 51 (1991), 90-95.

12. F. Garbe, R. Lang, A. Lo, R. Mycroft, and N. Sanhueza-Matamala, Lehel’s conjecture for 3-uniform hyper-
graphs, in preparation.

13. A. Gyarfds, Vertex coverings by monochromatic paths and cycles, J. Graph Theory 7 (1983), 131-135.

14. , Vertex covers by monochromatic pieces — a survey of results and problems, Discrete Math. 339 (2016),
no. 7, 1970-1977.

15. A. Gyarfas, M. Ruszinkd, G. N. Sarkozy, and E. Szemerédi, An improved bound for the monochromatic cycle
partition number, J. Combin. Theory Ser. B 96 (2006), 855-873.

16. P. E. Haxell, Partitioning complete bipartite graphs by monochromatic cycles, J. Combin. Theory Ser. B 69
(1997), 210-218.

17. E. Hurley, F. Joos, and R. Lang, Sufficient conditions for perfect tilings, arXiv:2201.03944, 2022.

18. P. Keevash and R. Mycroft, A geometric theory for hypergraph matching, Mem. Amer. Math. Soc. 233 (2015),
no. 1098, vi+95.

19. J. Komlds, G. N. Sarkozy, and E. Szemerédi, Blow-up lemma, Combinatorica 17 (1997), no. 1, 109-123.

20. J. Komlés and M. Simonovits, Szemerédi’s reqularity lemma and its applications in graph theory, Combinat-
orics, Paul Erdés is eighty, Vol. 2 (Keszthely, 1993), Bolyai Soc. Math. Stud., vol. 2, Jdnos Bolyai Math. Soc.,
Budapest, 1996, pp. 295-352.

21. D. Korandi, R. Lang, S. Letzter, and A. Pokrovskiy, Minimum degree conditions for monochromatic cycle
partitioning, J. Combin. Theory Ser. B 146 (2021), 96-123.

22. D. Korandi, F. Mousset, R. Nenadov, N. Skori¢, and B. Sudakov, Monochromatic cycle covers in random
graphs, Random Structures Algorithms 53 (2018), no. 4, 667-691.

23. D. Kiithn and D. Osthus, Hamilton cycles in graphs and hypergraphs: an extremal perspective, Proc. ICM 2014
(Seoul, Korea), vol. 4, 2014, pp. 381-406.




30

24

25.
26.
27.
28.
29.
30.

31.

32.
33.

34.
35.
36.
37.

38.

P. ALLEN, J. BOTTCHER, R. LANG, J. SKOKAN, AND M. STEIN

R. Lang and A. Lo, Monochromatic cycle partitions in random graphs, Comb. Probab. Comput. 30 (2021),
no. 1, 136-152.

R. Lang and N. Sanhueza-Matamala, Sufficient conditions for Hamiltonicity in dense graphs, arXiv:2110.14547,
2021.

R. Lang, O. Schaudt, and M. Stein, Almost partitioning a 3-edge-coloured Ky n into 5 monochromatic cycles,
SIAM J. Discrete Math 31 (2017), no. 2, 1374-1402.

R. Lang and M. Stein, Local colourings and monochromatic partitions in complete bipartite graphs, European
J. Combin. 60 (2017), 42-54.

S. Letzter, Monochromatic cycle partitions of 2-coloured graphs with minimum degree 3n/4, Electron. J. Com-
bin. 26 (2019), no. 1, Paper No. 1.19, 67.

, Monochromatic connected matchings in almost complete graphs, arXiv:2009.03119, 2020.

L. Lovéasz, Combinatorial problems and exercises, North-Holland Publishing Co., Amsterdam-New York, 1979.
T. Luczak, V. Rodl, and E. Szemerédi, Partitioning two-coloured complete graphs into two monochromatic
cycles, Combin. Probab. Comput. 7 (1998), 423-436.

O. Ore, Note on Hamilton circuits, Amer. Math. Monthly 67 (1960), 55.

A. Pokrovskiy, Partitioning edge-coloured complete graphs into monochromatic cycles and paths, J. Combin.
Theory Ser. B 106 (2014), 70-97.

, Partitioning a graph into a cycle and a sparse graph, arXiv:1607.03348, 2016.

R. Rado, Monochromatic paths in graphs, Ann. Discrete Math. 3 (1978), 191-194.

G. N. Sarkozy, Monochromatic cycle partitions of edge-colored graphs, J. Graph Theory 66 (2011), 57—64.

A. Schrijver, Combinatorial optimization. Polyhedra and efficiency. Vol. B, Algorithms and Combinatorics,
vol. 24, Springer-Verlag, Berlin, 2003.

E. Szemerédi, Regular partitions of graphs, Probléemes combinatoires et théorie des graphes (Collog. Internat.
CNRS, Univ. Orsay, Orsay, 1976), Colloq. Internat. CNRS, vol. 260, CNRS, Paris, 1978, pp. 399—401.

(P. Allen | J. Bottcher | J. Skokan) LONDON ScHOOL OF EcoNomics, LONDON, WC2A 2AE, UK.
Email address: (p.d.allen|j.boettcher|j.skokan)@lse.ac.uk

(R. Lang) INSTITUT FUR INFORMATIK, 69120 HEIDELBERG, GERMANY.
Email address: lang@informatik.uni-heidelberg.de

(J. Skokan) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN, URBANA, IL

61801, USA.

(M. Stein) DEPARTAMENTO DE INGENIERfA MATEMATICA Y CENTRO DE MODELAMIENTO MATEMATICO, UNIVER-

SIDAD DE CHILE, SANTIAGO, CHILE.

Email address: mstein@dim.uchile.cl



	1. Introduction
	2. Proof outline
	3. Preliminaries
	3.1. Notation
	3.2. Perfect 2-matchings
	3.3. Hamiltonicity
	3.4. Regularity

	4. Main lemmas and proof of the main theorem
	5. Finding components: The proof of Lemma 4.2
	5.1. Case 1: One of C1 and C2 is spanning
	5.2. Case 2: C1 and C2 have distinct colours
	5.3. Case 3: C1 and C2 have the same colour

	6. Covering exceptional vertices: The proof of Lemma 4.6
	7. Balancing: The proof of Lemma 4.7
	8. Extremal cases: The proof of Lemma 4.4
	8.1. Case 1: A colouring as in Definition 4.1(a)
	8.2. Case 2: A colouring as in Definition 4.1(b)

	9. Concluding Remarks
	References

