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Abstract. This paper studies the expressive power of artificial neural
networks with rectified linear units. In order to study them as a model of
real-valued computation, we introduce the concept of Max-Affine Arith-
metic Programs and show equivalence between them and neural net-
works concerning natural complexity measures. We then use this result
to show that two fundamental combinatorial optimization problems can
be solved with polynomial-size neural networks. First, we show that for
any undirected graph with n nodes, there is a neural network (with fixed
weights and biases) of size O(n3) that takes the edge weights as input
and computes the value of a minimum spanning tree of the graph. Sec-
ond, we show that for any directed graph with n nodes and m arcs,
there is a neural network of size O(m2n2) that takes the arc capacities
as input and computes a maximum flow. Our results imply that these
two problems can be solved with strongly polynomial time algorithms
that solely uses affine transformations and maxima computations, but
no comparison-based branchings.

Keywords: Neural Network Expressivity · Strongly Polynomial Algo-
rithms · Minimum Spanning Tree Problem · Maximum Flow Problem.

1 Introduction

Artificial neural networks (NNs) achieved breakthrough results in various appli-
cation domains like computer vision, natural language processing, autonomous
driving, and many more [40]. Also in the field of combinatorial optimization
(CO), promising approaches to utilize NNs for problem solving or improving
classical solution methods have been introduced [7]. However, the theoretical
understanding of NNs still lags far behind these empirical successes.

All neural networks considered in this paper are feedforward neural networks
with rectified linear unit (ReLU) activations, one of the most popular models in
practice [19]. These NNs are directed, acyclic, computational graphs in which
each edge is equipped with a fixed weight and each node with a fixed bias.
Each node (neuron) computes an affine transformation of the outputs of its
? The full version is available on arXiv: https://arxiv.org/abs/2102.06635.
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Fig. 1: A small NN with two
input neurons x1 and x2, a
single ReLU neuron labelled
with the shape of the ReLU
function, and one output
neuron y. It computes the
function
x 7→ y

= x2 −max { 0,x2 − x1 }
= −max {−x2,−x1 }
= min {x1,x2 } .
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Flow after first iteration
of Edmonds-Karp

Network with
arc capacities

Fig. 2: This example shows that the outcome of
one iteration of the Edmonds-Karp algorithm for
computing a maximum flow depends discontinu-
ously on the arc capacities. Here, a small adjust-
ment of the capacity of arc st leads to a drastic
change of the flow after the first iteration.

predecessors and applies the ReLU activation function x 7→ max{0, x} on top.
The full NN then computes a function mapping real-valued inputs to real-valued
outputs. A simple example is given in Figure 1.

The neurons are commonly organized in layers. The depth, width, and size of
an NN are defined as the number of layers, the maximum number of neurons per
layer, and the total number of neurons, respectively. An important theoretical
question about these NNs is concerned with their expressivity: which functions
can be represented by an NN of a certain depth, width, or size?

Neural network expressivity has been thoroughly investigated from an ap-
proximation point of view. For example, so-called universal approximation the-
orems [3, 11,31] show that every continuous function on a bounded domain can
be arbitrarily well approximated with only a single nonlinear layer. However, for
a full theoretical understanding of this fundamental machine learning model it
is necessary to understand what functions can be exactly expressed with differ-
ent NN architectures. For instance, insights about exact representability have
boosted our understanding of the computational complexity of the task to train
an NN with respect to both, algorithms [4, 36] and hardness results [9, 18, 20].
It is known that a function can be expressed with a ReLU NN if and only if
it is continuous and piecewise linear (CPWL) [4]. However, many surprisingly
basic questions remain open. For example, it is not known whether two layers of
ReLU units (with any width) are sufficient to compute the function f : R4 → R,
x 7→ max{0, x1, x2, x3, x4} [24, 28].

In this paper we explore another fundamental question within the research
stream of exact representability: what are families of CPWL functions that can
be represented with ReLU NNs of polynomial size? In other words, using NNs
as a model of computation operating on real numbers (in contrast to Turing ma-
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chines or Boolean circuits, which operate on binary encodings), which problems
do have polynomial complexity in this model?

Our motivation to study this model stems from a variety of different perspec-
tives, including strongly polynomial time algorithms, arithmetic circuit complex-
ity, parallel computation, and learning theory. We believe that classical combi-
natorial optimization problems are a natural example to study this model of
computation because their algorithmic properties are well understood in each of
these areas.

Clearly, if there are polynomial-size NNs to solve a certain problem, and
assuming that the weights of these NNs are computable in polynomial time3,
then there exists a strongly polynomial time algorithm for that problem, simply
by executing the NN. However, the converse might be false. This is due to the fact
that ReLU NNs only allow a very limited set of possible operations, namely affine
combinations and maxima computations. In particular, every function computed
by such NNs is continuous, making it impossible to realize instructions like a
simple if -branching based on a comparison of real numbers. In fact, there are
related models of computation for which the use of branchings is exponentially
powerful [32].

For some CO problems, classical algorithms do not involve comparison-based
branchings and, thus, can easily be implemented as an NN. This is, for example,
true for many dynamic programs. In these cases, the existence of efficient NNs
follows immediately. We refer to Hertrich and Skutella [29] for some examples of
this kind. In particular, polynomial-size NNs to compute the length of a shortest
path in a network from given arc lengths are possible.

For other problems, like the Minimum Spanning Tree Problem or the Max-
imum Flow Problem, all classical algorithms use comparison-based branchings.
For example, many maximum flow algorithms use them to decide whether an
arc is part of the residual network. More specifically, in the Edmonds-Karp algo-
rithm a slight perturbation (from 0 to ε) in the capacities can lead to different
augmenting path and therefore to a completely different intermediate flow; see
Figure 2. Such a discontinuous behavior can never be represented by a ReLU NN.

1.1 Our Main Results

In order to make it easier to think about NNs in an algorithmic way, we intro-
duce the pseudo-code language Max-Affine Arithmetic Programs (MAAPs). We
show that MAAPs and NNs are equivalent (up to constant factors) concerning
three basic complexity measures corresponding to depth, width, and overall size
of NNs. Hence, MAAPs serve as a convenient tool for constructing NNs with
bounded size and could be useful for further research about NN expressivity
beyond the scope of this paper.

We use this result to prove our two main theorems. The first one shows that
computing the value of a minimum spanning tree has polynomial complexity on
NNs. The proof is based on a result from subtraction-free circuit complexity [17].
3 In circuit complexity language, one would say “if there is a uniform neural network
family to solve a certain problem”.
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Theorem 1. For a fixed graph with n vertices, there exists an NN of depth
O(n log n), width O(n2), and size O(n3) that correctly maps a vector of edge
weights to the value of a minimum spanning tree.

The second result shows that computing a maximum flow has polynomial
complexity on NNs. Since all classical algorithms involve conditional branchings
based on the comparison of real numbers, the proof involves the development of
a new strongly polynomial maximum flow algorithm which avoids such branch-
ings. While, in terms of standard running times, the algorithm is definitely not
competitive with algorithms that exploit comparison-based branchings, it is of
independent interest with respect to the structural understanding of flow prob-
lems.

Theorem 2. Let G = (V,E) be a fixed directed graph with s, t ∈ V , |V | = n,
and |E| = m. There exists an NN of depth and size O(m2n2) and width O(1)
that correctly maps a vector of arc capacities to a vector of flow values in a
maximum s-t-flow.

Let us point out that in case of minimum spanning trees, the NN computes
only the objective value, while for maximum flows, the NN computes the actual
solution. There is a structural reason for this difference: Due to their continuous
nature, ReLU NNs cannot compute a discrete solution vector, like an indicator
vector of the optimal spanning tree, because infinitesimal changes of the edge
weights would lead to jumps in the output. For the Maximum Flow Problem,
however, the optimal flow itself does indeed have a continuous dependence on
the arc capacities.

1.2 Discussion of the Results

Before presenting our result in more detail, we discuss the significance and lim-
itations of our results from various perspectives. Due to space constraints, we
refer to the full version for a more detailed discussion.

Learning Theory. A standard approach to create a machine learning model
usually contains the following two steps. The first step is to fix a particular
hypothesis class. When using NNs, this means to fix an architecture, that is, the
underlying graph of the NN. Then, each possible choice of weights and biases
of all affine transformations in the network constitutes one hypothesis in the
class. The second step is to run an optimization routine to find a hypothesis in
the class that fits given training data as accurately as possible. A core theme in
learning theory is to analyse how the choice of the hypothesis class influences
different kind of errors made by the machine learning model.

While there exist many attempts to mathematically explain the mysterious
success of modern NNs [8], there is still a long way ahead of us. Understanding
what CPWL functions are actually contained in the hypothesis classes defined
by NNs of a certain size (in particular, polynomial size) is a key insight in this
direction. We see our combinatorial, exact perspective as a counterbalance and
complement to the usual approximate point of view.



Poly-Size ReLU Neural Networks for Maximum Flow Computation 5

Strongly Polynomial Time Algorithms. As pointed out above, polynomial-
size NNs correspond to a subclass of strongly polynomial time algorithms with
a very limited set of operations allowed. Given that this subclass stems from
one of the most basic machine learning models, our grand vision, to which we
contribute with our results, is to understand for different CO problems whether
they admit strongly polynomial time algorithms of this type.

Algorithms of this type have not been known before for the two problems
considered in this paper. It remains an open question whether such algorithms,
and hence, polynomial-size NNs, exist to solve other CO problems for which
strongly polynomial time algorithms are known. Can they, for instance, compute
the weight of a minimum weight perfect matching in (bipartite) graphs? Can they
compute the cost of a minimum cost flow from either node demands or arc costs,
while the other of the two quantities is considered to be fixed?

A major open question is also to prove lower bounds on NN sizes. Can we
find a family of CPWL functions (corresponding to a CO problem or not) that
can be evaluated in strongly polynomial time, but not computed by polynomial-
size NNs? While proving lower bounds in complexity theory always seems to
be a challenging task, we believe that not all hope is lost. For example, in the
area of extended formulations, it has been shown that there exist problems (in
particular, minimum weight perfect matching) which can be solved in strongly
polynomial time, but every linear programming formulation to this problem must
have exponential size [52]. Possibly, one can show in the same spirit that also
polynomial-size NN representations are not achievable.

Boolean Circuits. Even though NNs are naturally a model of real compu-
tation, it is worth to have a look at their computational power with respect
to Boolean inputs. Interestingly, this makes understanding the computational
power of NNs much easier. It is easy to see that ReLU NNs can directly simu-
late AND-, OR-, and NOT-gates, and thus every Boolean circuit [44]. Hence, in
Boolean arithmetics, every problem in P can be solved with polynomial-size NNs.

However, requiring the networks to solve a problem for all possible real-
valued inputs seems to be much stronger. Consequently, the class of functions
representable with polynomial-size NNs is much less understood than in Boolean
arithmetics. Our results suggest that rethinking and forbidding basic algorithmic
paradigms (like comparison-based branchings) can help towards improving this
understanding.

Arithmetic Circuits. As a circuit model with real-valued computation, ReLU
networks are naturally closely related to arithmetic circuits. Just like NNs, arith-
metic circuits are computational graphs in which each node computes some arith-
metic expression (traditionally addition or multiplication) from the outputs of
all its predecessors. Arithmetic circuits are well-studied objects in complexity
theory [56]. Closer to ReLU NNs, there is a special kind of arithmetic circuits
called tropical circuits [33]. In contrast to ordinary arithmetic circuits, they con-
tain maximum (or minimum) gates instead of sum gates and sum gates instead
of product gates. Thus, they are arithmetic circuits in the max-plus algebra.
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A tropical circuit can be simulated by an NN of roughly the same size since
NNs can compute maxima and sums. However, neural networks are strictly more
powerful than tropical circuits for two reasons: they can realize subtractions (that
is, tropical division) by using negative weights and scalar multiplication (tropical
exponentiation) with any real number. Thus, lower bounds on the size of tropical
circuits do not apply to NNs. A particular example with an exponential gap
between NNs and tropical circuits is the computation of the value of a minimum
spanning tree. By Jukna and Seiwert [34], no polynomial-size tropical circuit can
do this. However, Theorem 1 shows that NNs of cubic size (in the number of
nodes of the input graph) are sufficient for this task.

Parallel Computation. Neural networks are naturally a model of parallel
computation by performing all operations within one layer at the same time.
Without going into detail here, the depth of an NN is related to the running time
of a parallel algorithm, its width is related to the required number of processing
units, and its size to the total amount of work conducted by the algorithm. One
takeaway from this perspective is that, although the result by Arora et al. [4]
guarantees that logarithmic depth should be sufficient to compute a maximum
flow, this would probably require superpolynomial width and size. The reason is
that the Maximum Flow Problem is P-complete [22,23], meaning that it probably
cannot be efficiently parallelized.

1.3 Further Related Work

Using NNs to solve optimization problems started with so-called Hopfield net-
works in the 1980s [30,35,57], which has also been specialized to the Maximum
Flow Problem [2,14,45]. However, the NNs used in these works are conceptually
very different from modern feedforward NNs that are considered in this paper.

In recent years interactions between NNs and CO have regained a lot of
attention in the literature [7], for example, for boosting MIP solvers [42] and
solving specific CO problems [6, 16, 37, 38, 47, 60]. These approaches usually are
of heuristic nature without quality or running time guarantees.

Concerning the expressivity of ReLU neural networks, various trade-offs be-
tween depth and width of NNs [4,15,25,27,41,46,51,53,58,59,62] and approaches
to count and bound the number of linear regions of a ReLU NN [26,43,50,51,54]
have been found. NNs have been studied from a circuit complexity point of view
before [5, 49, 55]. However, these works focus on Boolean circuit complexity of
NNs with sigmoid or threshold activation functions. We are not aware of pre-
vious work investigating the computational power of ReLU NNs as arithmetic
circuits operating on the real numbers.

For an introduction to classical minimum spanning tree and maximum flow
algorithms, we refer to textbooks [1, 39,61]. The asymptotically fastest known
combinatorial maximum flow algorithm due to Orlin [48] runs in O(nm) time
for n nodes and m arcs. Recently, almost linear, weakly polynomial algorithms
based on interior point methods have been developed [10]. However, polynomial-
size NNs necessarily correspond to strongly polynomial algorithms.
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2 Algorithms and Proof Overview

In this section we provide an intuitive overview of how we prove our results. The
detailed proofs are deferred to the full version due to space constraints.

Max-Affine Arithmetic Programs. For the purpose of algorithmic investi-
gations of ReLU NNs, we introduce the pseudo-code language Max-Affine Arith-
metic Programs (MAAPs). A MAAP operates on real-valued variables. The only
operations allowed in a MAAP are computing maxima and affine transforma-
tions of variables as well as parallel and sequential for loops with a fixed4 number
of iterations. In particular, no if branchings are allowed. With a MAAP A, we
associate three complexity measures d(A), w(A), and s(A), which can easily be
calculated from a MAAP’s description. The intuition behind these measures is
that they correspond (up to constant factors) to the depth, width, and size of an
NN computing the same function as the MAAP does. We formalize this intuition
by proving the following proposition, which is similar to the transformation of
circuits into straight-line programs in Boolean or arithmetic circuit complexity.

Proposition 3. For a function f : Rn → Rm the following is true.

(i) If f can be computed by a MAAP A, then it can also be computed by an
NN with depth d(A) + 1, width w(A), and size s(A).

(ii) If f can be computed by an NN with depth d+1, width w, and size s, then
it can also be computed by a MAAP A with d(A) = d, w(A) = 2w, and
s(A) = 4s.

The proof of the proposition works by providing explicit constructions to
convert a MAAP into an NN (part (i)), and vice versa (part (ii)) while taking
care that the different complexity measures translate respectively.

The takeaway from this exercise is that for proving that NNs of a certain
size can compute certain functions, it is sufficient to develop an algorithm in the
form of a MAAP that computes the same function and to bound its complexity
measures d(A), w(A), and s(A).

Minimum Spanning Trees. A spanning tree in an undirected graph is a set
of edges that is connected, spans all vertices, and does not contain any cycle. For
given edge weights, the Minimum Spanning Tree Problem is to find a spanning
tree with the least possible total edge weight.

Classical algorithms for the Minimum Spanning Tree Problem, for example
Kruskal’s or Prim’s algorithm, compare the edge weights and use comparison-
based branchings to determine the order in which edges are added to the solution.
Thus, they cannot be written as a MAAP or implemented as an NN. Instead,
Theorem 1 can be shown by translating an arithmetic circuit with additional
4 In this context, fixed means that the number of iterations cannot depend on the
specific instance. It can still depend on the size of the instance (e.g., the size of the
graph in case of the two CO problems considered in this paper).



8 C. Hertrich and L. Sering

Algorithm 1: MSTn: Compute the value of a minimum spanning tree
for the complete graph on n ≥ 3 vertices.

Input: Edge weights (xij)1≤i<j≤n.

1 yn ← mini∈[n−1] xin

2 for each 1 ≤ i < j ≤ n− 1 do parallel
3 x′ij ← min {xij , xin + xjn − yn }

4 return yn +MSTn−1

(
(x′ij)1≤i<j≤n−1

)

division gates by Fomin et al. [17] to a tropical circuit with additional subtraction
gates. We refer to the full version for more details.

While this tropicalization is already sufficient to justify the existence of
polynomial-size NNs to compute the value of a minimum spanning tree, to
unveil the algorithmic ideas behind this construction, we provide an equiva-
lent, completely combinatorial proof of Theorem 1, making use of MAAPs and
Proposition 3.

Without loss of generality, we restrict ourselves to complete graphs. Edges
missing in the actual input graph can be represented with large weights such
that they will never be included in a minimum spanning tree. For n = 2 vertices,
the MAAP simply returns the weight of the only edge of the graph. For n ≥ 3,
our MAAP is given in Algorithm 1.

Let us mention that the use of recursions is just a technicality because for each
fixed n, the recursion can be unrolled and the MAAP can be stated explicitly.
In each step, one node of the graph is deleted and all remaining edge weights are
updated in such a way that the objective value of the minimum spanning tree
problem in the original graph can be calculated from the objective value in the
smaller graph. This idea of removing the vertices one by one can be seen as the
translation of the so-called star-mesh transformation used by Fomin et al. [17]
into the combinatorial world.

We prove Theorem 1 in the full version by, firstly, showing that Algorithm 1
indeed computes the correct objective value, and secondly, bounding its com-
plexity measures d(A), w(A), and s(A) and applying Proposition 3.

Maximum Flows. For a given directed graph with a source node s, a sink
node t, and nonnegative capacities on each arc, the Maximum Flow Problem
asks to find a flow value for each arc such that no capacity is exceeded, the
inflow equals the outflow at each node except for s and t, and the outflow at s
(or equivalently the inflow at t) is maximised.

Since classical maximum flow algorithms rely on conditional branchings based
on the comparison of real numbers (for instance, to check which arcs are con-
tained in the residual network), we develop a new maximum flow algorithm in
the form of a MAAP (see Algorithms 2 and 3), which then translates to an NN of
the claimed size by Proposition 3. In the description of the algorithm, we assume
without loss of generality that for each arc e = uv ∈ E also its reverse arc vu
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Algorithm 2: Compute a maximum flow for a fixed graph G = (V,E).
Input: Capacities (νe)e∈E .

// Initializing:
1 for each uv ∈ ~E do parallel
2 xuv ← 0 // flow; negative value correspond to flow on vu
3 cuv ← νuv // residual forward capacities
4 cvu ← νvu // residual backward capacities

// Main part:
5 for k = 1, . . . , n− 1 do
6 for i = 1, . . . ,m do
7 (ye)e∈~E ← FindAugmentingFlowk((ce)e∈E)

/* Returns an augmenting flow (respecting the residual
capacities) that only uses paths of length exactly k and
saturates at least one arc. */

// Augmenting:
8 for each uv ∈ ~E do parallel
9 xuv ← xuv + yuv

10 cuv ← cuv − yuv
11 cvu ← cvu + yuv
12 return (xe)e∈~E

is contained in E and let ~E denote a subset of all arcs containing exactly one
arc for each pair of antiparallel arcs. To point out the ability of neural networks
to parallelize well, we sometimes use parallel loops even though this does not
significantly reduce asymptotic complexity measures in our case.

To explain our algorithm, let us start by recalling the key ideas of the clas-
sical Edmonds-Karp-Dinic algorithm [12, 13]. The algorithm repeatedly finds a
shortest s-t path in the residual graph G∗ = (V,E∗), and sends the maximum
possible amount of flow on such a path, that is, saturates at least one arc. The
algorithm terminates by returning a minimum cut once t cannot be reached from
s in the residual graph. The key insight in the analysis is that the distance from s
to t in the residual graph is non-decreasing, and strictly increases within at most
m such iterations. Thus, the number of iterations can be bounded by O(nm).

A shortest path can be characterized by distance labels. The vector d ∈ RV
+

is a distance labelling if d(s) = 0 and d(v) ≤ d(u) + 1 for every residual arc
uv ∈ E∗. If there exists an s-t path P such that d(v) = d(u) + 1 for every arc
in P , then P is a shortest path. Identifying a shortest path is equivalent to finding
distance labels and such a path. We note that the preflow-push algorithm [21]
explicitly relies on using distance labels and pushing flow on residual arcs uv
with d(v) = d(u)+1. However, finding such a labelling requires if -branchings as
it needs to identify the arcs in E∗, that is, arcs with positive residual capacity.

At a high level, our algorithm is similar, but it avoids knowing the arcs in
the residual graph and the length k of the shortest residual s-t path explic-
itly. Instead, we guess k in each iteration of the main procedure (Algorithm 2),
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making sure that we never overestimate the true length. The guess is initial-
ized as k = 1 and, in accordance with the Edmonds-Karp-Dinic analysis, we
increment k by one in every m iterations. Based on our guess for k, we use a
subroutine FindAugmentingFlowk (Algorithm 3) with the following feature: if
the actual shortest path length is exactly k, the subroutine will send flow from s
to t on (possibly multiple) paths of length exactly k, saturating at least one arc.
If the shortest path is longer than k, nothing happens in the current iteration.

Instead of distance labels, the subroutine computes fattest path values ai,v

(line 7 to 11) that represent the maximum amount of flow that can be sent
from v to t on a path of length exactly i. Such values can be obtained by a
simple dynamic program that is easy to implement as a MAAP. Thus, a path
(s = vk, vk−1, . . . , v1, v0 = t) of length exactly k is contained in the residual
network if and only if ai,vi > 0 for all i = 1, . . . , k. Our algorithm makes sure
that we only send flow along arcs that are contained in such paths. In particular,
the current iteration will send positive flow if and only if ak,s > 0. However, we
cannot recover the shortest s-t path with capacity ak,s. Therefore, in general,
flow will not be sent along a single path and the value of the flow output by
FindAugmentingFlowk might be strictly less than ak,s.

After computing the ai,v values, FindAugmentingFlowk greedily pushes flow
from s towards t, using a lexicographic selection rule to pick the next arc to
push flow on (line 12 to 22). On the high level, this is similar to the preflow-push
algorithm, but using the ai,v values that encode the shortest path distance in-
formation implicitly. This may leave some nodes with excess flow; a final cleanup
phase (line 23 to 29) is needed to send the remaining flow back to the source s.

An example for the FindAugmentingFlowk-subroutine is given in Figure 3.
We emphasize again that, although the description of the subroutine in the
example in Figure 3 seems to rely heavily on the distance of a node to t, this
information is calculated and used only in an implicit way via the precomputed
ai,v values. This way, we are able to implement the subroutine without the usage
of comparison-based branchings.

The proof of correctness for our algorithm consists of two main steps. The
first step is the analysis of thesubroutine. This involves carefully showing that
the returned flow indeed satisfies flow conservation, is feasible with respect to the
residual capacities, uses only arcs that lie on a s-t-path of length exactly k in the
residual network, and most importantly, if such a path exists, it saturates at least
one arc. This last property can be shown using the lexicographic selection rule to
pick the next arc to push flow on. Note that, in general, the subroutine neither
returns a single path (as in the Edmonds-Karp algorithm [13]), nor a blocking
flow (as in the Dinic algorithm [12]). The second main step is to show that,
nevertheless, the properties of the subroutine are sufficient to ensure that the
distance from s to t in the residual network increases at least every m iterations,
such that we terminate with a maximum flow after nm iterations.

With the correctness of the whole MAAP at hand, Theorem 2 follows by
simply counting the complexity measures d(A), w(A), and s(A), and applying
Proposition 3.
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Algorithm 3: FindAugmentingFlowk for a fixed graph G = (V,E) and
a fixed length k.

Input: Residual capacities (ce)e∈E .

// Initializing:
1 for each vw ∈ ~E do parallel
2 zvw ← 0 // flow in residual network
3 zwv ← 0

4 for each (i, v) ∈ [k]× (V \ { t }) do parallel
5 Y i

v ← 0 // excessive flow at v in iteration i (from k to 1)
6 ai,v ← 0 // initialize fattest path values

// Determining the fattest path values:
7 for each v ∈ N−t do parallel
8 a1,v ← cvt
9 for i = 2, 3, . . . , k do

10 for each v ∈ V \ { t } do parallel
11 ai,v ← max

w∈N+
v \{ t }

min {ai−1,w, cvw }

// Pushing flow of value ak,s from s to t:
12 Y k

s ← ak,s // excessive flow at s
13 for i = k, k − 1, . . . , 2 do
14 for v ∈ V \ { t } in index order do
15 for w ∈ N+

v \ { t } in index order do
// Push flow out of v and into w:

16 f ← min {Y i
v , cvw,ai−1,w − Y i−1

w } // value we can push over
vw such that this flow can still arrive at t

17 zvw ← zvw + f

18 Y i
v ← Y i

v − f
19 Y i−1

w ← Y i−1
w + f

20 for each v ∈ N−t do parallel
// Push flow out of v and into t:

21 zvt ← Y 1
v

22 Y 1
v ← 0

// Clean-up by bounding:
23 for i = 2, 3, . . . , k − 1 do
24 for w ∈ V \ { t } in reverse index order do
25 for v ∈ N−w \ { t } in reverse index order do
26 b← min {Y i

w,zvw } // value we can push backwards along vw
27 zvw ← zvw − b
28 Y i

w ← Y i
w − b

29 Y i+1
v ← Y i+1

v + b

30 for each uv ∈ ~E do parallel
31 yvw ← zvw − zwv

32 return (ye)e∈~E
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Fig. 3: Example of the FindAugmentingFlowk subroutine for k = 4. The edge
labels in the top figure are the residual capacity bounds in the current iteration.
The first step is to compute the fattest path values ai,v, which are depicted as
node labels in the top figure. The values Y i

v always denote the excessive flow of
a vertex v with distance i from the sink. All values that are not displayed are
zero. At s, we initialize Y 4

s = a4,s = 6. Then, excessive flow is pushed greedily
towards the sink, as shown in the four figures in the middle. While doing so, we
ensure that at each vertex the arriving flow does not exceed its value ai,v. For
this reason, flow can get stuck, as it happens at v4 in this example. Therefore, in
a final cleanup phase, depicted in the two bottom figures, we push flow back to
the source s. Observe that the result is an s-t-flow that is feasible with respect
to the residual capacities, uses only paths of length k = 4, and saturates the
arc v6t.
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