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Abstract

This paper derives the moments for a range of Markov switching models. We characterize
in detail the patterns of volatility, skewness and kurtosis that these models can produce as a
function of the transition probabilities and parameters of the underlying state densities entering
the switching process. The autocovariance of the level and squares of time series generated
by Markov switching processes is also derived and we use these results to shed light on the
relationship between volatility clustering, regime switches and structural breaks in time series

models.
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IHerein lies a key di®erence to ARCH models which is another type of time-dependent mixture process. While
Markov switching models mix a ~nite number of states with di®erent mean and volatility parameters based on an
exogenous state process, ARCH models mix distributions with volatility parameters drawn from an in nite set of

states driven by lagged innovations to the series.
2 An analysis of the unconditional moments starting from the steady state need not assume that the Markov process

is irreducible since, if either a single state or a block of states is absorbing, all other states will have zero steady state

probabilities.



2. The Basic Markov Switching Model
Yoo Yagyiin Y !

P’ Y Y

Yy
k
Proposition 1
Yy

. n! 2 s
”CJ (n—7)!4! t t ¢

PI



k n
E y-*" E Yo ) nCj ¥y 1 =2 "

i=1  j=0

i/2

b; II r- i

h=1

Corollary 1

%2 v b

%2 — Y %g 1/41%% — Y Yy g —14 2;
b = Ey —13 Y =Y 11—12{ Y3 — %2 — Y 12—1%2}
1 =
v 3/2 3/2
E vy —*2 / — Yo Y3 Yn ¥ Yy Yy Ty -2y 27
4 22
L _ Evi-it-(Eyv-2?) a
2 = =
Ey—127 b
a 1/41 —1/41 %g—%%z 12—11 21/41 —1/41 1/41— %g—%%
Yo —Yy Lyt — Yy =Yy
2
b ( — Y 3/4% 1/413/4% — Y Y g —14 2)
1, /1,
3

3This is similar to the result in Bollerslev (1986) that the skewness of standard GARCH models without leverage

e®ects is zero.



P22
P11
g P11

P11
P22

P11 P22



~n

3/ 2
3

Ey—1" WM,

'rLcl ::: 'rLCj ::: 'rLC'rL—l

2 n—2
%1 11 _ 1

%il 11 _ 1 n—4

b, %y

yj20 1 _an—j
E /48'; t St

3/ 2
Y3

%I% 1k _ 1 n-2

%ﬁ 1k _ 1 n—4
b,, 34
t y1nl

jul



P11 P22

P13 P23 3 P31 P32 P33 = 1, Y

P11 P22
P11 P22

3. The Simple Autoregressive Markov Switching Model
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51f b;; = p;; for all i and j, then the process is said to be time-reversible. Since the diagonal elements of B and

P are identical, the probability of remaining in a given state is always the same regardless of whether time moves
forward or backward. Furthermore, in the case with two states it is easy to verify from the de nitions of %; and Y

that the Markov chain will be time reversible, although this does not hold generally for processes with several states.
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6The proposition requires that (I, — A;B) is invertible: Since | A; |< 1 this will automatically be satis ed for all
transition probability matrices since B has a single eigenvalue equal to unity and its remaining eigenvalues are less

than one.
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4. State-dependent Autoregressive Dynamics
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Proposition 4
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6. Discussion of Results
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9In related work Hendry and Neale (1991) use Monte Carlo methods to quantify the eRect that the introduction

of shifts in the intercept of an autoregressive process has on the loss in the power of standard unit root tests.
10¥et another possibility is that a misspeci_ed mean leads to overrejection of the null of no conditional heteroskedas-

ticiy as recently reported by Lumsdaine and Ng (1997).
1n principle ARCH and Markov switching e®ects could be combined to produce a highly °exible, nonlinear mixture
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model as proposed by Hamilton and Susmel (1994). Our results can explain why such an extension may be necessary
because the Markov switching model only appears to be able to generate limited persistence in the squared values of

a time series.
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